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Victoria Knopovaa,b,∗, René L. Schillingb
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Abstract

We show some Chung-type lim inf law of the iterated logarithm results at zero for a class of (pure-jump)
Feller or Lévy-type processes. This class includes all Lévy processes. The norming function is given in
terms of the symbol of the infinitesimal generator of the process. In the Lévy case, the symbol coincides
with the characteristic exponent.
c⃝ 2014 Elsevier B.V. All rights reserved.
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1. Introduction

We study the short-time behaviour of a class of one-dimensional Feller processes (X t )t>0.
To do so we identify suitable norming functions u, v, w such that the following Chung-type LIL
(law of the iterated logarithm) assertions hold Px -almost surely:

lim
t→0

sup
06s6t

|Xs − x |

u−1(x, t/ log | log t |)
= C(x), (1)

∗ Corresponding author at: V.M. Glushkov Institute of Cybernetics, National Academy of Sciences of Ukraine, 40
Acad. Glushkov Ave., 03187 Kiev, Ukraine. Tel.: +380 683452296.

E-mail addresses: vic knopova@gmx.de, vicknopova@googlemail.com (V. Knopova),
rene.schilling@tu-dresden.de (R.L. Schilling).

http://dx.doi.org/10.1016/j.spa.2014.02.008
0304-4149/ c⃝ 2014 Elsevier B.V. All rights reserved.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.spa.2014.02.008&domain=pdf
http://www.elsevier.com/locate/spa
http://dx.doi.org/10.1016/j.spa.2014.02.008
http://www.elsevier.com/locate/spa
mailto:vic_knopova@gmx.de
mailto:vicknopova@googlemail.com
mailto:rene.schilling@tu-dresden.de
http://dx.doi.org/10.1016/j.spa.2014.02.008


2250 V. Knopova, R.L. Schilling / Stochastic Processes and their Applications 124 (2014) 2249–2265

lim
t→0

sup
06s6t

|Xs − x |

v(t, x)
= 0 or = +∞, (2)

lim
t→0

|X t − x |

w(t, x)
= γ (x) > 0 or = +∞. (3)

Assertions of this kind are classical for Brownian motion, the corresponding results for Lévy
processes are due to Dupuis [6] and Aurzada, Döring and Savov [1]. The class of Feller processes
considered in this paper includes Lévy processes and extends the results of these authors. We will
characterize the norming functions with the help of the symbol of the infinitesimal generator of
the Feller process. In the case of a Lévy process this becomes a rather simple criterion in terms
of the characteristic exponent of the process.

Lévy processes. A (real-valued) Lévy process (X t )t>0 is a stochastic process with stationary and
independent increments and càdlàg (right continuous with finite left limits) sample paths. The
transition function is uniquely determined through the characteristic function which is of the
following form:

λt (x, ξ) := Ex eiξ(X t −x)
= E0eiξ X t = e−tψ(ξ), t > 0, ξ ∈ R.

The characteristic exponent ψ : R → C is given by the Lévy–Khintchine formula

ψ(ξ) = ilξ +
1
2 σ

2ξ2
+


R\{0}


1 − eiyξ

+ iyξ1(0,1](|y|)

ν(dy) (4)

and the Lévy triplet (l, σ 2, ν)where ν is a measure onR\{0} such that


y≠0(1∧ y2) ν(dy) < ∞,
and l ∈ R, σ > 0. The characteristic exponent is also the symbol of the infinitesimal generator
A of the Lévy process:

Au(x) = −ψ(D)u(x) := −


R

ei xξ û(ξ) ψ(ξ) dξ, u ∈ C∞
c (R),

where û(ξ) = (2π)−1

R u(x)e−i xξ dx denotes the Fourier transform of u.

Feller processes. The generator of a Lévy process has constant coefficients: it does not depend
on the state space variable x . This is due to the fact that a Lévy process is spatially homogeneous
which means that the transition semigroup Pt u(x) = Ex u(X t ) = Eu(X t + x) is given by
convolution operators. We are naturally led to Feller processes if we give up spatial homogeneity.

Definition 1. A (one-dimensional) Feller process is a real-valued Markov process (X t )t>0 whose
transition semigroup Pt u(x) := Ex u(X t ), u ∈ Bb(R), is a Feller semigroup, i.e.

(a) Pt is Markovian: if u ∈ Bb(R), u > 0 then Pt u > 0 and Pt 1 = 1;
(b) Pt maps C∞(R) :=


u ∈ C(R) : lim|x |→∞ u(x) = 0


into itself;

(c) Pt is a strongly continuous contraction semigroup in (C∞(R), ∥ · ∥∞).

Every Lévy process is a Feller process.
Write (A, D(A)) for the generator of the Feller semigroup. If C∞

c (R) ⊂ D(A), then

Au(x) = −p(x, D)u(x) := −


R

ei xξ û(ξ) p(x, ξ) dξ, u ∈ C∞
c (R),
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