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Abstract

Let X be a semi-fractional Brownian sheet, that is a centred and continuous Gaussian random field with
E[X (s, t)X (ŝ, t̂)] = (t ∧ t̂)(sα+ ŝα−|s − ŝ|α)/2. We provide, for α ∈ (0, 2), an analysis of the propagation
of singularities into the fractional direction of X . Here, singularities are times where the law of the iterated
logarithm fails, such as fast points.
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1. Introduction

Let B be a standard Brownian motion on R and denote by

F(λ) =

{
t ≥ 0 : lim sup

h→0+

|B(t + h)− B(t)|
√

2h ln(1/h)
≥ λ

}
the random set of λ-fast or λ-rapid points. Orey and Taylor [8] proved that for 0 < λ ≤ 1,
the set F(λ) has almost surely Hausdorff dimension 1 − λ2. Fast points give rise to a notion of
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singularities, since for such t ∈ F(λ), one has that the law of the iterated logarithm (LIL) fails,
i.e.

lim sup
h→0+

|B(t + h)− B(t)|
√

2h ln ln(1/h)
= ∞.

We call such a time where the LIL fails a singularity (see [9]), and denote the random collection
of times which are singularities by Si(R+). From Orey and Taylor’s dimension formula it follows
immediately that Si(R+) has Hausdorff dimension 1, almost surely.

In the two-dimensional setting, there are singularities which have a striking property. Fix
α ∈ (0, 2) and define X to be a semi-fractional Brownian sheet, that is, a centred and continuous
Gaussian random field with

E
[
X (s, t)X (ŝ, t̂)

]
= (t ∧ t̂)(sα + ŝα − |s − ŝ|α)/2,

for (s, t), (ŝ, t̂) ∈ (R+)
2. In the s-coordinate X is a fractional Brownian motion with Hurst

parameter α/2, and in the t-coordinate X is a standard Brownian motion. For α = 1, the random
field X is often called a Brownian sheet. Walsh [9] showed that for the Brownian sheet there are
singularities which propagate along characteristic directions, i.e. there exists a positive and finite
random time T associated properly with some s∗ such that

lim sup
h→0+

|X (s∗, T + h)− X (s∗, T )|
√

2h ln ln(1/h)
= ∞ (1)

with probability 1, and, moreover, Eq. (1) implies

lim sup
h→0+

|X (s, T + h)− X (s, T )|
√

2h ln ln(1/h)
= ∞

simultaneously for all s in some continuous set I , almost surely. The size of I depends on a
measurability condition on T and can, for example, be the positive real half-line or an interval.
Propagating singularities are like wrinkles in a sheet.

The analysis of the propagation of singularities for a Brownian sheet relies heavily on special
properties of this process. The independence of its increments is of particular importance.
Passing to more general Gaussian fields, one is forced to find proofs which rely on more general
principles. We propose the random field X as a prototype to do that. The increments in the
fractional coordinate of the field are no longer independent if α 6= 1, but positively correlated for
α > 1 and negatively correlated for α < 1.

Our aim in this article is the analysis of the propagation of singularities for X into the direction
of the fractional coordinate. The paper is organized as follows.

In Section 2, we show that a law of the iterated logarithm for the t-coordinate holds
simultaneously for all s ≥ 0, i.e. we prove in Theorem 2.8 that

P

{
lim sup
h→0+

|X (s, t + h)− X (s, t)|
√

2h ln ln(1/h)
=

√
sα for all s ≥ 0

}
= 1

for each t ≥ 0. This is one of the principle tools for proving propagation.
In Section 3, we first construct, by means of a Section Theorem (see Theorem 37, p. 18, [2]), a

positive and finite random time T which is a singularity almost surely; see Proposition 3.2. Then
we prove in Theorem 3.8 that the singularity at T propagates along the fractional coordinate of
X . It is interesting to see that fast points either speed up or slow down, according to the value
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