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Abstract

Closer scrutiny has been accorded a recently reported procedure for characterizing weak protein dimerization by sedimentation equi-
librium (INVEQ) in which the equilibrium distribution is analyzed as a dependence of radial distance on solute concentration rather than
of solute concentration on radial distance. By demonstrating theoretically that the fundamental parameter derived from the analysis is
simply the difference between the dimerization constant and the osmotic second virial coefficient for monomer-monomer interaction, this
investigation refutes the original claim that independent estimates of these two parameters can be obtained by nonlinear curve fitting of
the sedimentation equilibrium distribution. This criticism also applies to conventional analyses of sedimentation distributions by the
commonly employed Beckman Origin and NONLIN software. Numerically simulated distributions are then analyzed to demonstrate
limitations of the procedure and also to indicate a means of improving the reliability of the returned estimate of the dimerization con-
stant. These features are illustrated by applying the original and revised analytical procedures to a sedimentation equilibrium distribution
for a-chymotrypsin (pH 4.0, I 0.05 M).
� 2007 Elsevier Inc. All rights reserved.
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A recent publication [1] has drawn attention to difficul-
ties encountered in the application of widely used computer
software, such as Beckman Origin [2] and NONLIN [3], to
characterize reversible protein dimerization by sedimenta-
tion equilibrium in situations where thermodynamic
nonideality needs to be taken into account. Problems arise
in evaluation of the dimerization constant by iterative non-
linear curve fitting of sedimentation equilibrium distribu-
tions to expressions in the form c ¼ f ðrÞ because of
failure to properly effect separation of the dependent vari-
able ðcÞ from the independent variable (r); terms in c, the
total protein concentration, also appear within f(r), the
function of radial distance r. As noted by Rowe [1], this
problem can be overcome by inverting the sedimentation

equilibrium expression to the form r ¼ gðcÞ. Although such
action identifies radial distance as the dependent variable,
it does achieve the separation of variables required to ren-
der more robust the nonlinear regression analysis encom-
passed in the requisite software (INVEQ).

All of the above procedures are open to criticism
because of their incorporation of an unrealistic assumption
[4] that the activity coefficients of different oligomeric states
of a protein are considered to be described by the log–lin-
ear relationship

ln ci ¼ iBM 1c; ð1Þ

where M1 is the molecular mass of monomer and ci is the
activity coefficient of an oligomer consisting of i mono-
mers. The parameter B, regarded as a constant, has twice
the magnitude of the second osmotic virial coefficient for
a nonassociating species. This description of thermody-
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namic nonideality has retained popularity because of the
simplification it leads to in the form of the identity
Ki(app) = Ki between the apparent equilibrium constant,
defined as the ratio of species concentrations ci raised to
the appropriate powers, KiðappÞ ¼ ci=ci

1, and the true ther-
modynamic constant, the corresponding ratio of thermo-
dynamic activities, Ki ¼ zi=zi

1 [5]. Unfortunately, there is
no justification (apart from mathematical expediency) for
employing Eq. (1) to describe the thermodynamic nonide-
ality in protein solutions [6].

A more rigorous approach incorporates allowance for
effects of thermodynamic nonideality on the statistical–
mechanical basis of excluded volume [7,8]. In that regard,
a striking feature to emerge from the statistical–mechanical
treatment of thermodynamic nonideality in terms of total
solute concentration [9,10] is an inability to evaluate inde-
pendently both the second virial coefficient and the associ-
ation constant by direct analysis of sedimentation
equilibrium distributions for a reversibly dimerizing solute
[10,11]. Such an enterprise necessarily fails because the
coefficient of the linear term in c is simply the difference
between these two parameters. It is therefore a matter of
concern that the software packages for analyzing sedimen-
tation equilibrium distributions produce as output what
are claimed to be optimal estimates of both parameters.
The problem clearly warrants further investigation.

Theoretical considerations

Initial applications of the statistical–mechanical
approach to sedimentation equilibrium distributions for
self-associating systems [5,12] required specification of a
species activity coefficient as a virial expansion containing
the concentrations of all oligomeric species present and,
hence, the adoption of an iterative approach with initial
equilibrium concentration estimates based on thermody-
namically ideal behavior. However, by regarding solute
self-association as a purely thermodynamic phenomenon,
in fact another form of thermodynamic nonideality, Hill
and Chen [9] developed an analysis whereby the thermody-
namic activity of monomer, z1, defined under conditions of
constant temperature and solvent chemical potential, is
expressed as a polynomial in total concentration of the sin-
gle solute component.

Basic expressions for nonideal dimerization

From a theoretical viewpoint, the most logical concen-
tration scale describing thermodynamic nonideality is the
molar scale when solute chemical potential is being moni-
tored under the constraints of constant temperature and
solvent chemical potential [13], the situation existing in sed-
imentation equilibrium [14–16]. For nonideal dimerization,
the statement of mass conservation is

C ¼ z1=c1 þ 2z2=c2 ¼ ðz1=c1Þ½1þ ð2K2z1ðc1=c2Þ�; ð2Þ

where C ¼ c=M1 is the base molar protein concentration
(weight concentration divided by monomer molecular
mass), and the concentrations of monomer (species 1)
and dimer (species 2) are expressed as ratios of molar ther-
modynamic activities (zi) to the corresponding activity
coefficients (ci). The thermodynamic activity of dimer has
then been related to that of monomer via the law of mass
action and the true thermodynamic constant ðz2 ¼ K2z2

1Þ.
On the statistical–mechanical basis of excluded volume
[7], the relationships between the monomer and dimer spe-
cies’ activity coefficients and molar concentrations are, cor-
rect to the third order in monomer concentration [17],

c1 ¼ exp½2B11C1 þ B12C2 þ ð3=2ÞB111C2
1 þ B112C1C2

þ ð4=3ÞB1111C3
1 þ � � �� ð3aÞ

c2 ¼ exp½2B22C2 þ B12C1 þ ð1=2ÞB112C2
1 þ B122C1C2

þ � � ��; ð3bÞ

where the various osmotic virial coefficients for uncharged
spherical molecules are related to species radii (R1, R2) by
[7,18,19]

Bii ¼ 16pNAR3
i =3 i ¼ 1; 2 ð4aÞ

B12 ¼ 4pNAðR1 þ R2Þ3=3 ð4bÞ
Biii ¼ 160p2N 2

AR3
i =9 i ¼ 1; 2 ð4cÞ

Biij ¼ ð16p2N 2
A=9Þ½R6

i þ 2R3
i R3

j þ 3R2
i Rjð2Ri þ RjÞ

ðR2
i þ 2RiRjÞ� i; j ¼ 1; 2; i 6¼ j ð4dÞ

Biiii ¼ 1175:35p3N 3
AR9

i =27 i ¼ 1; 2; ð4eÞ

in which Avogadro’s number (NA) is included to express
them on a molar basis rather than on a molecular basis.

From the logarithmic form of Eq. (2), it follows that

ln C ¼ ln z1 � ln c1 þ lnð1þ 2K2z1c1=c2Þ

¼ ln z1 � ln c1 þ ð2K2z1c1=c2Þ � ð2K2z1c1=c2Þ
2
=2

þ ð2K2z1c1=c2Þ
3
=3þ � � � ð5Þ

As noted previously [9], the incorporation of Eqs. (3a) and
(3b), as well as their series-expanded forms, gives

ln z1 ¼ ln C þ 2ðB11 � K2ÞC1 þ ½ð3=2ÞB111 � 8K2B11

þ 3K2B12 þ 2K2
2�C2

1 þ � � � ð6Þ

as the expression, correct to the quadratic power of C1, for
monomer activity as a function of its molar concentration.
Conversion of this power series in C1 to the corresponding
one in C is then effected by making allowance for the extra
terms in dimer concentration thereby generated, with the
net result being [9]

ln z1 ¼ ln C þ 2½B11 � K2�C þ ð3=2Þ½B111 � 8K2B11

þ 2K2B12 þ 4K2
2�C2 þ � � � ð7Þ

Although the final expression for ln z1 is a series expan-
sion in C, the original series expansion [Eq. (6)] is in terms
of C1. Consequently, caution is required in any truncation
of Eq. (7), which may converge slowly or even diverge for
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