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tion, the solution is a smoothed signal, and signal becomes increasingly smooth as iteration number increases.
Details of the nonlinear diffusion filtering and its implementation were given clearly. Some simulated signals
and an NMR spectrum has been used to verify the proposed method and compare the performance of other
methods such as regularization method, Savitzky-Golay method and wavelet method. Results indicated that
the nonlinear diffusion is an excellent smoothing method, it can reduce the noise while preserve the peak shape.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

In most of analytical methods, the position of a peak is important in
the spectrum. In chromatography, e.g. the peak position is characteristic
of the compound, and in spectrophotometry, a peak-shift may indicate
the interaction of two compounds or even a chemical modification of
the absorbing species. In many cases, the spectra are noisy [ 1-4]. There-
fore smoothing is often desired to help with further analysis. For exam-
ple, if derivatives of the signal are needed, the signal must be especially
smooth otherwise the noise will be severely amplified in the derivative
signal [1,2].

At present, there are many methods that can be used to reduce noise
in a spectrum [1,3,5-11]. Moving average method is one of the simplest
one. The Savitzky-Golay method is one of improvements of sliding av-
erage method [9], where a low-order polynomial is used to fit the data
within a moving window rather than just taking their average. Usually,
signal becomes increasingly smooth as the window size increases. On
the other way, too broad of a window will reduce the effect of the reso-
lution enhancement and distort the derivative spectra. The best param-
eters for the Savitzky-Golay method are selected usually by a trial-and-
error method [12]. Regularization method, as an improved alternative
to the Savitzky-Golay smoother, is a good smoothing method [1,11].
Similar method includes using a spline to smooth the spectra [8].
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Other smoothing methods include wavelet method [6,7,13-15], in
which the spectrum is decomposed by the discrete wavelet transform
(DWT) and the high frequency components under threshold value are
discarded and then the inverse wavelet transform used to reconstruct
the spectrum.

In this paper, we use the nonlinear diffusion filtering to smooth the
spectra. In fact, the nonlinear diffusion filtering is not new, and has
been widely used in image processing. The nonlinear isotropic diffusion
equation was firstly used to image denoising and edge detection by
Perona and Malik [16], and it has been considered as an edge-
preserving denoising method. Anisotropic diffusion can be looked as
an energy-dissipating process that finds the minimum of the energy
functional. If the energy functional is the total variation norm of an
image, then the model is called as the well-known total variation
model [17,18]. Although these methods can be able to achieve a good
trade-off between noise reduction and edge preservation, the resulting
image will easily lead to piecewise constant. To overcome the blocky ef-
fect, while preserving edges, many other nonlinear filtering methods
based on the partial differential equation have been suggested in the
literature [18-24].

It is surprising that the nonlinear diffusion filtering is generally
unknown and little used among spectra smoothing, perhaps, in part,
because the details for implementation are glossed over in the litera-
ture. For this purpose, details of the nonlinear diffusion filtering and
its implementation are given as clearly as possible in this paper. The
advantage of the nonlinear diffusion filtering will be highlighted by
comparison with other smoothing methods.
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2. Linear diffusion filtering
2.1. Homogeneous linear diffusion

Witkin [25] found that the solution of a heat diffusion equation with
a signal as initial data was equivalent to the convolution of the signal
with Gaussians function at each scale. This process can be described as
the solution of the homogeneous linear diffusion equation:

U(x,t) 0*U(x.t)
o o (1)
U(x,0) = f(x).

The solution of the Eq. (1) is given by the convolution integral
U,t) =G+ f, @)

where G, denotes the Gaussian function with standard deviation o:
Go(x) = Co?ex - 3)
oV Pl a0

The original signal corresponds to the scale t = 0 and larger values of
t, correspond to a more smoothed signal. But the Gaussian smoothing
has a main disadvantage for signal smoothing. It does not only reduce
noise, but also blurs the peaks. Since Gaussian smoothing cannot take

3. Nonlinear diffusion filtering

3.1. The Perona-Malik model

into account any a priori information on the structures which are
worth being preserved.

2.2. Inhomogeneous linear diffusion

In order to reduce the problem of homogeneous linear diffusion filter-
ing, one of the simplest models for including a priori information is inho-
mogeneous linear diffusion filtering [26]. To preserve signal peaks in a
better way than Gaussian smoothing, we hope smoothing is weak at
peaks. So we can take |f"(x)|as a fuzzy peak detector: locations with
large |f"(x)| have a higher probability to be a peak. Therefore, one can
make the diffusion is low for larger value of|f(x)|, for example by setting

1
g(f W) =———7— 4

However, the diffusion equation remains linear:

e = a(a(lr ) ) ®)

From the Ref. [27], we can know the inhomogeneous linear diffusion
filtering can improve peaks preserving. However, for larger t the filtered
signal reveals some spurious details which reflect the differential
structure of the initial signal.

In order to reduce spurious details of inhomogeneous linear diffusion filtering, Perona and Malik [16] proposed the nonlinear diffusion equation
by adapting the diffusion function g to the gradient of the actual image U(x,t) instead of the original imagef(x). Their main creative is to introduce the
gradient of the actual image U(x,t)as the feedback into the diffusion process. The process can be formulated as follows:

aug? H_ div<g(x, 0 6U§§, t)>7

with initial and boundary conditions:

U(x,0) = f(x),0<x<L

U(0,t) = U(L,t) = 0,0<t<T

(6)

(7)
(8)

where g(x, t) is the diffusion function. In general, g(x,t) is a smooth decreasing function with g(0,t) =1, g(x,t) >0 and g(x,t) tending to zero at infinity.

The diffusion strength is controlled by g(x,t).
Two different diffusion functions have been proposed [16]:

g(x.1) = exp _<\VU§<7 t”ﬂ
&x,t) = %
14 (\VU(X[H)

(10)

If the gradient |[VU(x,t)| is large, g(x,t) is small. This means the diffusion is weak. Conversely, if the gradient |VU(x,t)| is small, g(x,t) is large, the
diffusion is strong. The parameter A is chosen by the noise level and the edge strength. A proper choice of the diffusion function can preserve the

edges and even enhance them while being numerically stable [16].

In this paper, we take use of the spectrum to be smoothed as the reference signal of the diffusion function. So the diffusion functions (9) and (10)

will be correspondingly replaced by

2
g3(x,t) = exp {— <M> }

(11)
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