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� A method for DRT reconstruction
from EIS is presented unambiguously.

� Quality of DRT reconstruction is sen-
sitive to points per frequency decade.

� Resolution of DRT is studied to
distinguish overlapping processes of
SOFCs.

� This method exhibits high robustness
to resist noise embedded in EIS data.
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a b s t r a c t

Linear electrochemical impedance spectroscopy (EIS), and in particular its representation of distribution
of relaxation time (DRT), enables the identification of the number of processes and their nature involved
in electrochemical cells. With the advantage of high frequency resolution, DRT has recently drawn
increasing attention for applications in solid oxide fuel cells (SOFCs). However, the method of DRT
reconstruction is not yet presented clearly in terms of what mathematical treatments and theoretical
assumptions have been made. Here we present unambiguously a method to reconstruct DRT function of
impedance based on Tikhonov regularization. By using the synthetic impedances and analytic DRT
functions of RQ element, generalized finite length Warburg element, and Gerischer element with
physical quantities representative to those of SOFC processes, we show that the quality of DRT recon-
struction is sensitive to the sampling points per decade (ppd) of frequency from the impedance mea-
surement. The robustness of the DRT reconstruction to resist noise imbedded in impedance data and
numerical calculations can be accomplished by optimizing the weighting factor l according to well
defined criterion.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Electrochemical impedance spectroscopy (EIS) is widely used to

understand and resolve the reaction kinetics at the functional
interfacial layer and bulk of electrochemical cells, such as solid
oxide fuel cells (SOFCs), gas separation membranes and lithium
batteries over a wide frequency range. Impedance of an electro-
chemical cell is a complex resistance encountered when an AC
current perturbation,biejut flows through the cell, and an AC voltage
perturbation, bu is generated in response [1]. The causality (analytic
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relation) between bu and biejut permits the Taylor expansion of bu
with respect to biejut [2],
bu ¼

X∞
k¼1

buðkÞ

k!

�biejut�k ¼ X∞
k¼1

bvkejkut (1)

where buðkÞ is the kth derivative, and bvk ¼ buðkÞbik=k! is the kth har-
monic of bu, which can be expressed as a power series [3],

bvk ¼ X∞
r¼1

�bi.i*
�kþ2r�2bhk;kþ2r�2 (2)

where i* is a real current constant that characterizes the nonline-
arity of the cell; the harmonic terms bhk;kþ2r�2 are univariate func-
tions of angular frequency u. Therefore, the impedance related to
the mth order contribution to the kth harmonic bvk through i* is
given by Refs. [3],

Zk;mðuÞ ¼ bhk;m
�
i* (3)

One can resolve the impedance only when Eq. (1) converges,

yielding
���bi���< lim

k/∞

���ðkþ 1ÞbuðkÞ
=buðkþ1Þ���. When the module of bi is

sufficiently small, only the first-order Taylor expansion of bu is
pronounced and the higher harmonics in Eq. (1) are negligible. In
addition, the harmonic terms bhk;m for m > 1 in Eq. (2) are also
negligible. Consequently, the impedance becomes [2,3],

ZðuÞ ¼ bh1;1
�
i* ¼ bv1=bi (4)

This treatment is known as linearization. The validity can be
tested by KramerseKronig transform, which demonstrates that the
real component Z0 and imaginary component Z00 are interconvert-
ible when Z(u) is analytic in the upper half-plane of u (indicating
causal and stable), and juZ(u) � uZ0(∞)j approaches zero as u ap-
proaches infinity (indicating no inductive effect at high frequency)
[4]. Nowadays, linearization has become the industry standard in
EIS instrumentations, and higher harmonics are filtered out during
EIS measurements [5].

A well established method for analyzing electrochemical pro-
cesses is to fit linearized mechanism models with linear EIS mea-
surements [6]. For example, in the application in SOFCs, the
following linearized models are oft-used to characterize the
cathodic and anodic processes [7]:

1) RQ element model: It consists of a parallel connection of
polarization resistor, R, and a constant phase element, 1=ðjuÞnQ .
The impedance is accordingly given by [6],

ZðuÞ ¼ R
1þ ðjuÞnRQ (5)

wheren is adimensionless constant in the range from0to1, showing
non-ideal double-layer capacitor behavior of the constant phase
element; Q is the pre-factor of the constant phase element,with unit
of secn/[R]. For n¼ 1, RQ element degrades into RC element, showing
ideal double-layer capacitor behavior. The reciprocal of angular
frequency corresponding to the maximum -Z00 is known as the
characteristic time, given by

ffiffiffiffiffiffiffi
RQn

p
. This model is usually used to

characterize the impedance response of surface exchange (or charge
transfer reactions) near electrode/electrolyte interface [8e17].

2) Generalized finite length Warburg (G-FLW) element model: It
describes the impedance imparted by mass transport, given by [9],

ZðuÞ ¼ Rw
tanh

�ðjutwÞnw
�

ðjutwÞnw
(6)

where Rw is the polarization resistance of mass transport; nw is a
constant approaching but not higher than 0.5; tw is defined as l2/
Deff where l is the finite length and Deff is the effective diffusivity.
This model is usually used to characterize the impedance response
of gas diffusion within porous electrodes [9e12,17,18].

3) Gerischer element model: It describes the coupling of surface
exchange of oxygen and transport of oxygen ions within porous
mixed ionic electronic conductor cathodes, where the resistance of
electron transport is negligible. The impedance is given by [19],

ZðuÞ ¼ Rcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jutc

p (7)

where Rc is the polarization resistance of the coupling process; tc is
the characteristic time. Rc and tc depend on surface exchange co-
efficient and oxygen diffusion coefficient of the cathode material,
electrode microstructure, and the operating conditions. This model
is usually used to characterize the impedance response of oxygen
surface exchange kinetics and O2� diffusion in the bulk of (La,Sr)
(Co,Fe)O3 (LSCF) based cathode [9e12,17].

Depending on SOFC configuration, fuel cell materials, and
working conditions, the mechanism model describing the entire
picture of electrochemical processes could be a complicated com-
bination of the above element models or their derivatives [6].
However, it is very challenging to identify the optimal model from
many analogs, partially due to the following reasons: 1) Many
models fit the EIS data equally well in terms of Nyquist, Real-and-
Imaginary and Bode representations [3]; 2) The impedance re-
sponses of electrochemical processes might overlap significantly in
frequency domain. In other words, the impedance at an angular
frequency u contains remarkable contributions from any process
with a characteristic time above and below u�1 [20]. Thus, it is of
great importance to develop new analysis method with improved
frequency resolution.

By an extension of the Debye relaxation relation with a single
relaxation time, the concept of distribution of relaxation time (DRT)
with a high frequency resolution (which will be shown in what
follows) was proposed and regarded as the origin of constant phase
elements [1]. By assuming a linear relaxation process, the principle
of superposition allows the impedance to be generalized [1],

ZðuÞ � Z0ð∞Þ ¼
Z∞
0

GðtÞ
1þ jut

dt (8)

where G(t) is defined as the DRT of impedance Z; t is the relaxation
time; Z0(∞) is the limitation of the real part of Z as angular fre-
quency u approaches infinity. Consequently, the impedance can be
represented as series connection of infinite number of circuits
made of a parallel connection of polarization resistor G(t)dt and a
capacitor t=GðtÞdt, such that G(t)dt specifies the fraction of the
total polarization resistance associated with relaxation times in the
interval between t and t þ dt. It follows that G(t) is subject to,

Z∞
0

GðtÞdt ¼ Z0ð0Þ � Z0ð∞Þ (9)

where Z0(0) � Z0(∞) denotes the total polarization resistance; Z0(0)
is the limitation of the real part of impedance Z as u approaches
zero. The unique analytic solution of DRT for a generic impedance
spectroscopy was first derived by Fuoss and Kirkwood [21],
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