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The expression for the entropy of binary square-well (SW) mixture is derived in the framework of the semi-
analytical approach [J. Non-Cryst. Solids 353 (2007) 1798] for themean spherical approximation. This expression
is applied to calculate the concentration dependencies of the excess entropy of mixing for liquid Na-K and Na-Cs
alloys at T=373K. It is shown that the SWmodel allows to achieve a better agreementwith experiment than the
hard-sphere model with the same values of hard-core parameters.
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1. Introduction

Different types of fluids can be described by means of the square-
well (SW) model: non-polar molecular fluids [1–3], colloids [4–7],
aqueous electrolyte solutions [8,9], polymers [10–12] and polar and
associating compounds, including water [13,14] and metal liquids
[15–21] (for last, the SWmodel was used recently as a reference system
also [22–24]).

For liquid metals, the SW model is able to describe the structure
factor with low-lying shoulder on the high-angle side of the first peak
[15]. In liquid metal binary alloys, this model can describe different
deviations from the ideal mixing such as tendencies to chemical short-
range ordering [18] or to phase separation [19].

In majority of works where the SWmodel is applied to metal state,
the random phase approximation (RPA) [25–27] is used. Only recently,
going beyond the framework of the RPA was implemented in this field
[20,21] by using the mean spherical approximation (MSA) [28] for
which the semi-analytical (SA) procedure suggested by Dubinin et al.
[29] was conducted. Notice that the MSA-SA procedure reproduces
explicitly the numerical MSA results obtained by solving the Ornstein–
Zernike integral equation [30] both for a pure [31] and for binary [32]
SW fluid at an appropriate number of coefficients in the expansion
suggested by Dubinin et al. [29]. In the study of Dubinin et al. [21], the
SW-MSA-SA was used to study the partial structure factors of liquid
equiatomic Na-K alloy.

Here,we derive theMSA-SA expression for the entropy of binary SW
mixture (earlier, expressions for the entropy of pure SW fluid were

derived within the RPA [22] and within the MSA-SA [24]) and estimate
its usefulness for liquid metal alloys on the example of Na-K and Na-Cs
systems.

These systems are interesting for consideration since their entropies
ofmixing very little deviate from the entropy of the ideal solution, Sid. In
that case, the excess entropy of mixing, ΔSex, is very small and sensitive
to the method of calculation. Consequently, this quantity namely is
chosen here for investigation.

2. Theory

For a binary alloy, ΔSex is expressed as follows:

ΔSex ¼ Sbin−
X2
i¼1

ciS
pure
i −Sid; ð1Þ

where Sbin is the entropy of binary alloy, Sipure is the entropy of the ith-
kind pure substance at the same absolute temperature, T (further, we
neglect indexes “pure” and “i,” denoting the thermodynamic quantities
of pure substances) and ci is the concentration of the ith component in
the alloy. The entropy of the ideal solution is calculated as follows:

Sid ¼ −kB c1 lnc1 þ c2 lnc2ð Þ: ð2Þ

Consider a one-component SWfluid that is described by the following
three-parameter model pair potential:

φSW rð Þ ¼ ∞; rbσ
ϕSW rð Þ; r≥σ ;

�
ð3Þ
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where σ is the diameter of the hard core (HC);

ϕSW rð Þ ¼
0; rbσ
ε; σ≤rbλσ ;
0; r≥λσ

8<
: ð4Þ

ε and σ(λ− 1) are the depth and width of the square well, respectively.
The entropy of such a fluid can be expressed as follows:

SSW ¼ SHS þ ΔSSW ¼ SIG þ ΔSHS þ ΔSSW; ð5Þ

where SHS is the entropy within the hard-sphere (HS) model, ΔSSW is
the contribution due to the difference between SW and HS entropies
and SIG is the entropy of the ideal gas (hereafter, all thermodynamic
quantities will be written in atomic units (a.u.) per atom), calculated
as follows:

SIG ¼ kB
5
2
þ ln

1
ρ

kBTm
2π

� �3
2

 !" #
: ð6Þ

Here, kB is the Boltzmann constant, ρ is the mean number density
and m is the atomic mass.

ΔSSW in the framework of theMSA-SAwas obtained byDubinin et al.
[24]:

ΔSSW‐MSA‐SA ¼ kB
4π2ρ

Z∞
0

ð ln 1−ρΔc qð Þð ÞχSW−MSA‐SA qð Þ½ �

− 1−ρΔc qð Þð ÞχSW−MSA‐SA qð Þ þ 1Þq2dq

ð7Þ

where χ(q) is the structure factor, calculated as follows:

χSW‐MSA‐SA qð Þ ¼ 1
1−ρΔc qð Þ þ βρϕSW qð Þ ; ð8Þ

Δc qð Þ ¼ 4π
q3

� �fXnþ2

m¼1

x2−m ∂m sin xð Þ
∂xm

Xn
l¼0

bl ∏
m−2

k¼0
lþ 1−kð Þ

þ
Xnþ1ð Þ=2½ �

m¼1

−1ð Þmþ1 2mð Þ!b 2m−1ð Þ
x2m−1 g:

ð9Þ

Here,

ϕSW qð Þ ¼ 4πε sin λxð Þ− sin xð Þ−λx cos λxð Þ þ x cos xð Þ½ �=q3; ð10Þ

β=(kBT)−1, x= qσ, [a] is the integral part of a, bm is the coefficient de-
termined numerically from the condition that the pair correlation func-
tion, g(r), must be equal to zero inside the HC.

To obtain Eq. (7), we used the following thermodynamic relation:

∂S
∂T

� �
ρ
¼ 1

T
∂E
∂T

� �
ρ
; ð11Þ

where E is the internal energy.
For the SW fluid, Eq. (11) leads to the following expression [24]:

∂ ΔSSWð Þ
∂T

� �
ρ
¼ 1

T
∂USW

∂T

� �
ρ
; ð12Þ

where USW is the SW potential energy:

USW ¼ 2πρ
Z∞
0

φSW rð ÞgSW rð Þr2dr ¼ 2πρ
Zλσ
σ

ϕSW rð ÞgSW rð Þr2dr: ð13Þ

For subsequent operations,USWwithin theMSA-SA form in thewave
space will be used:

USW‐MSA‐SA ¼ 2
3
πρσ3ε λ3−1

� �

þ 1
4π2

Z∞
0

χSW‐MSA‐SA qð Þ−1½ �ϕSW qð Þq2dq: ð14Þ

For the binary SWmixture, Eqs. (3) and (4) are being transformed to
the following expressions, respectively:

φijSW rð Þ ¼ ∞; rbσ ij
ϕijSW rð Þ; r≥σ ij

;

�
ð15Þ

where σij, εij and λij are the partial SW parameters (i, j = 1, 2);

ϕijSW rð Þ ¼
0; rbσ ij
εij; σ ij≤rbλijσ ij
0; r≥λijσ ij

:

8<
: ð16Þ

The SW entropy of two-component fluid is written as follows:

SbinSW ¼ SbinIG þ Sid þ ΔSbinHS þ ΔSbinSW; ð17Þ

where

SbinIG ¼ kB
5
2
þ ln

1
ρbin

kBTm
с1
1 mс2

2
2π

" #3
2

0
@

1
A

2
4

3
5: ð18Þ

To obtain ΔSSWbin, we use the way similar to that for the one-
component case, i.e., rewrite Eq. (12) as follows:

∂ ΔSbinSW

� �
∂T

0
@

1
A

ρbin

¼ 1
T

∂Ubin
SW

∂T

 !
ρbin

; ð19Þ

where

Ubin
SW ¼ 2

3
πρbinX2

i; j¼1

cic jσ
3
ijεij λ3

ij−1
� �

þ 1
4π2

X2
i; j¼1

ffiffiffiffiffiffiffiffi
cic j

p Z∞
0

χijSW qð Þ−δij
h i

ϕijSW qð Þq2dq:

ð20Þ

Here, χij(q) is the partial structure factor in the form of Ashcroft and
Langreth [33]:

χii qð Þ ¼ 1−c jρ
bincjj qð Þ

1−c1ρ
binc11 qð Þ
 �

1−c2ρ
binc22 qð Þ
 �

−c1c2ρ
bin2c212 qð Þ

; ð21Þ

χ12 qð Þ ¼
ffiffiffiffiffiffiffiffiffi
c1c2

p
ρbinc12 qð Þ

1−c1ρ
binc11 qð Þ
 �

1−c2ρ
binc22 qð Þ
 �

−c1c2ρ
bin2c212 qð Þ

; ð22Þ

where cij(r) is the partial direct correlation function. Within the SW-
MSA-SA, this characteristic is written as follows:

cijSW‐MSA‐SA qð Þ ¼ −βϕijSW qð Þ þ Δcij qð Þ; ð23Þ
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