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a b s t r a c t

I investigate a variation of Hong–Ou–Mandel interference where two interference filters with different
central frequencies are placed in the two output-ports of a beam splitter. Taking photons as wavepackets
in the time domain, we get a general analytic formula for the probability that N photons emerge in each
output-port after interference. The probability is shown to oscillate as a cosine function modulated by a
dip and the oscillation period is inversely proportional to N which indicates a better time resolution with
multiphoton beating.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Although originally studied as a phenomenon arising from
the superposition of classical waves, the interference effect
demonstrated the quantum nature of light in some few-photon
interference experiments [1–3]. In particular, a fourth-order inter-
ference technique, well known as Hong–Ou–Mandel (HOM) inter-
ference [3], demonstrates photon bunching from destructive
interference and has been used to measure the time separation
between two photons on a femtosecond time scale. In fact the
precision of this kind of measurement for the time separation of
two wavepackets is proportional to 1=

ffiffiffiffi
N

p
, where N denotes the

number of photons each of the two incident wavepackets contains.
This is just the standard quantum limit [4] for a phase measure-
ment. There exists a more fundamental limit for measurement, i.e.,
the Heisenberg limit (1/N) [5], which may be achieved with two-
mode maximally entangled N-photon superposition state
(ðjN;0〉þj0;N〉Þ=

ffiffiffi
2

p
, known as the NOON state) [6–8]. However, a

NOON state is difficult to generate in experiments with large N.
Subsequently, Ou and Mandel [9] constructed a variant of the

HOM interference where two interference filters with different
central frequencies are placed in front of detectors, in a setup that
is actually an interference experiment between two photons with
different frequencies. They observe quantum beating and get better
time resolution compared with the original HOM interference.
Additionally, by a similar setup, Kim et al. performed a kind of
two-particle interference experiment with frequency-entangled
photon pairs [10] and a quantum-eraser experiment [11], where

the visibility of the interference fringe can be modulated by
changing the arrangement of a half wave-plate to determine the
degree of indistinguishability of two incident photons, thus show-
ing the complementarity of wave-like and particle-like behaviors of
photons. The beating effect was also used to confirm other source of
frequency-entangled photon pairs [12]. Furthermore, Legero et al.
[13] observed quantum beating with photons of different frequen-
cies emitted from an atom-cavity system. A temporal filter, which
accepts only time intervals between photo-detections shorter than
the mutual coherence time, was found to be a way to obtain nearly
perfect two-photon interference, which made linear optical quan-
tum computing [14,15] more practical.

In Ref. [9], they analyzed experimental results to suggest that
the period of beating is inversely proportional to the magnitude of
the difference between the central frequencies of the two filters. It
should be pointed out that their analysis is based on measurement
operators and the method would be too difficult to apply in an
analysis of beating in multiphoton interference.

In this paper, we first reanalyze this beating phenomenon with
a new method [16–18], and then apply it to general situation
where each incident wavepacket contains N photons. We obtain
an analytic formula for multiphoton beating. In fact, we make an
approximation in which the photons are considered as a single-
frequency mode while existing as wavepackets in the time
domain. The interference can be cast into two parts under a full
quantum treatment: one corresponding to indistinguishability
case and the other to distinguishability case. These two parts are
mixed with a certain probability distribution. Our result shows
that the oscillation period of the multiphoton beating is inversely
proportional to N, which indicates that we can get better time
resolution with larger N.

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/optcom

Optics Communications

http://dx.doi.org/10.1016/j.optcom.2014.06.015
0030-4018/& 2014 Elsevier B.V. All rights reserved.

E-mail address: clch@mail.ustc.edu.cn

Optics Communications 331 (2014) 219–222

www.sciencedirect.com/science/journal/00304018
www.elsevier.com/locate/optcom
http://dx.doi.org/10.1016/j.optcom.2014.06.015
http://dx.doi.org/10.1016/j.optcom.2014.06.015
http://dx.doi.org/10.1016/j.optcom.2014.06.015
http://crossmark.crossref.org/dialog/?doi=10.1016/j.optcom.2014.06.015&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.optcom.2014.06.015&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.optcom.2014.06.015&domain=pdf
mailto:clch@mail.ustc.edu.cn
http://dx.doi.org/10.1016/j.optcom.2014.06.015


2. Scheme and analysis method

We first analyze beating for two-photon interference. The setup
is schematically shown in Fig. 1 which is cited from Ref. [16]. For
simplicity, a beam splitter (BS) with reflectivity–transmission ratio
50/50 is used; the BS has two input-ports A and B and two output-
ports C and D each having an interference filter which we assume
has Gaussian-shaped transmission functions G1;2ðωÞ ¼ 1=ð ffiffiffiffi

π
p

σÞ1=2
expð�ðω�ω1;2Þ2=2σ2Þ where ω1;2 is the central frequency of the
filter If 1;2 and σ is the width.

Two incident photons can be produced from spontaneous
parametric down conversion (SPDC) pumped with a pulsed laser
[19]. The one-order down-converted field can be written as

jΨ 1〉¼
Z

dω dω0Φðω;ω0Þa†ðωÞb†ðω0Þj0〉: ð1Þ

It comprises signal photon ða†ðωÞÞ and idle photon ðb†ðω0ÞÞ, which in
the setup will be guided to input-ports A and B, respectively.Φðω;ω0Þ
denotes the spectral function satisfying

R
dω dω0jΦ ðω;ω0Þj2 ¼ 1.

Because of the post-selection of interference filters, we have

jΨ 1〉¼
1ffiffiffi
2

p
Z

dω dω0½G1ðωÞG2ðω0Þa†ðω�ω1Þb†ðω0 �ω2Þ

þG1ðω0ÞG2ðωÞa†ðω�ω2Þb†ðω0 �ω1Þ�j0〉; ð2Þ
where G1ðωÞG2ðω0Þa†ðω�ω1Þb†ðω0 �ω2Þ describes the state that the
photon in side A is a wavepacket with spectral distribution G1ðωÞ and
central frequency ω1, while the photon in side B is a wavepacket with
spectral distribution G2ðω0Þ and central frequency ω2;
G1ðω0ÞG2ðωÞa†ðω�ω2Þb†ðω0 �ω1Þ describes just the opposite state.
Here we assume thatω1þω2 ¼ω0, whereω0 is the central frequency
of the pump field. Moreover, the width of Φðω;ω0Þ is usually very
large compared to those of the interference filters [19]; therefore,
Φðω;ω0Þ is neglected in Eq. (2).

In the above, the one-order down-converted field can be
analyzed by the multimode theory in the frequency domain. In
practice, the pump field is usually a coherent pulse with a
spectrum of frequencies. The down-converted field is indeed
multimode in both frequency (time) [19] and space domains.
However, SPDC was shown [20] to be well described by a single-
mode theory when single spatial mode filters and narrow-band
interference filters are used to filter the down-converted field. This
requirement can be met in our scheme. By the method used in
[16], the incident photons can be considered as single-frequency
modes while existing as wavepackets in the time domain. Thus the
incident field can be written in the time domain as

jΨ 1〉¼
1ffiffiffi
2

p
Z

dtϕaðtÞϕbðtÞ½a†ðω1Þeiω1tb†ðω2Þeiω2ðtþ τÞ

þa†ðω2Þeiω2tb†ðω1Þeiω1ðtþ τÞ�j0〉; ð3Þ

where ϕaðtÞ and ϕbðtÞ denote the wave functions of the incident
photons in the time domain. ϕa;bðtÞ can be considered as a Fourier
transformation of G1;2ðωÞ. ϕaðtÞ ¼ 1=ð ffiffiffiffi

π
p

T0Þ1=2 expð�t2=2T2
0Þ,

ϕbðtÞ ¼ 1=ð ffiffiffiffi
π

p
T0Þ1=2 expð�ðtþτÞ2=2T2

0Þ, T0 ¼ 1=σ and
R þ1
�1 jϕa;b

ðtÞj2 dt ¼ 1 is the normalization condition. Moreover, the photon
in side B is delayed for time τ to that in side A.

There exists an overlap between the two wave functions, which
can be described as jαj2 ¼ j R þ1

�1 dtϕaðtÞϕbðtÞj2 ¼ expð�1=2ðτ=TÞ2Þ
[16]. Thus, when the two photons arrive at the BS, they are
indistinguishable with probability jαj2 and distinguishable with
probability 1�jαj2.

2.1. Indistinguishable inputs

If indistinguishable, the incident field can be described as

jψ1〉¼
1ffiffiffi
2

p ½a†ðω1Þeiω1tb†ðω2Þeiω2ðtþτÞ þa†ðω2Þeiω2tb†ðω1Þeiω1ðtþτÞ�j0〉;

ð4Þ
The transformation of the BS is a†ðωiÞ ¼ ðc†ðωiÞþd†ðωiÞÞ=

ffiffiffi
2

p
,

b†ðωiÞ ¼ ðc†ðωiÞ�d†ðωiÞÞ=
ffiffiffi
2

p
, where c†ðωiÞ and d†ðωiÞ are the cor-

responding photon creation operators in sides C and D, respec-
tively, which commute with each other. Thus the interference at
BS can be described as

a†ðω1Þeiω1tb†ðω2Þeiω2ðtþ τÞj0〉

¼ 1
2
eiω1tþ iω2ðtþ τÞ½c†ðω1Þþd†ðω1Þ�½c†ðω2Þ�d†ðω2Þ�

¼ 1
2
eiω1tþ iω2ðtþ τÞ½c†ðω1Þc†ðω2Þ�c†ðω1Þ d†ðω2Þþc†ðω2Þ d†ðω1Þ

�d†ðω1Þ d†ðω2Þ�j0〉; ð5Þ

a†ðω2Þeiω2tb†ðω1Þeiω1ðtþ τÞj0〉
¼ 1
2
eiω2tþ iω1ðtþ τÞ½c†ðω2Þþd†ðω2Þ�½c†ðω1Þ�d†ðω1Þ�

¼ 1
2
eiω2tþ iω1ðtþ τÞ½c†ðω1Þc†ðω2Þ�c†ðω2Þ d†ðω1Þþc†ðω1Þ d†ðω2Þ

�d†ðω1Þ d†ðω2Þ�j0〉: ð6Þ
Because of post-selection, only the terms of �c†ðω1Þ d†ðω2Þj0〉

in Eq. (5) and c†ðω1Þ d†ðω2Þj0〉 in Eq. (6) can induce coincidence
detection. Therefore, we can get the probability of coincidence
detection in the indistinguishable case by first making sum of the
two probability amplitudes and then calculating the module. The
result is

P1ð1;1Þ ¼
�������

1
2
ffiffiffi
2

p eiω1tþ iω2ðtþτÞ þ 1
2
ffiffiffi
2

p eiω2tþ iω1ðtþ τÞ

������
2

¼ 1
4
½1� cos ðω1�ω2Þτ�: ð7Þ

2.2. Distinguishable inputs

With distinguishability, the incident field can be also described
by Eq. (4), but the transformation of the BS becomes a†ðωiÞ ¼
ðc†ðωiÞþd†ðωiÞÞ=

ffiffiffi
2

p
, b†ðωiÞ ¼ ðc0†ðωiÞ�d0†ðωiÞÞ=

ffiffiffi
2

p
. The interfer-

ence at BS should be described as

a†ðω1Þeiω1tb†ðω2Þeiω2ðtþ τÞj0〉

¼ 1
2
eiω1tþ iω2ðtþ τÞ½c†ðω1Þþd†ðω1Þ�½c0†ðω2Þ�d0†ðω2Þ�

¼ 1
2
eiω1tþ iω2ðtþ τÞ½c†ðω1Þc0†ðω2Þ�c†ðω1Þ d0†ðω2Þþc0†ðω2Þ d†ðω1Þ

�d†ðω1Þ d0†ðω2Þ�j0〉; ð8Þ

If1

If2

Fig. 1. Two photon wavepackets with a relative delay τ arrive at a beam splitter
(50/50) from two input-ports A and B. If1 and If2 denote two interference filters
with central frequencies ω1 and ω2, respectively. Each of the wavepackets contains
N photons, and the interference at the beam splitter involves multi-photon pairs.
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