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a b s t r a c t

We report a vector beam with complicated polarization and helical phase and derive the corresponding
focusing model of the aplanatic system, where the 10 variables optimized provide a more powerful and
flexible tool to construct various interesting focal spots. By optimizing these 10 variables, we directly
construct some specific focal spots, including the single focal spot with lateral resolution beyond the
Abbe diffraction limit and without axial electric field component and the focal spots with unique
structures in the intensity, such as the square and triangular bright spots, the various double lines, the
cross lines, the ring-shaped square, the ring-shaped hexagon, and so on. Some of those focal spots with
unique structures in the intensity have high resolution, even beyond the Abbe diffraction limit. We
conclude the functions of some variables affecting the structures of the focal spots, draw some regulars
constructing the focal spot with high quality, and indicate how to find the new values of various
variables optimized in order to rotate the focal spot distribution. Although only the focal spot structures
of the intensity distribution are discussed in this paper, the ideas and the developed focusing model can
be used for the investigations of the various focal spot structures of polarizations, gradient forces, and
spin and orbital angular momentums.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Various vector beams with special polarizations and electric
field distributions have very great potential in applications for
nanoscale imaging, nanolithography, trapping and manipulating
particles, and so on [1–13]. In the field of nanoscale imaging and
nanolithography, the primary aim is to construct the focal spot
with the smallest size, namely to enhance the resolution of the
imaging system. In the last few decades, the most common way to
enhance resolution is to use pupil filters, which have been very
difficult to be further optimized. Recently, the applications of the
polarization of light to enhance resolution get much attention
[7–11]. This method is based on the unique focusing properties of
various polarized beams in optical system with high numerical
aperture (NA). For example, a radially polarized beam can generate
the focal spot with a resolution higher than that for a linearly
polarized illumination [14] and hence was used for microscopy
[8,9]. A Bessel beam with special polarization can give a central
lobe width 9% narrower than for radially polarized illumination
[10]. However, those polarized beams are usually inhomogeneous

polarized, which means that they are hardly used for wide field
imaging and projection lithography and are more suitable for
the illuminating light in confocal imaging and laser direct writing
lithography. In this case, it becomes very important to enhance the
speed of the imaging or lithography. An ideal way is a multifocus
imaging and lithography [15–17]. However, the generation of the
multifocus with high resolution, high degree of uniformity in focal
intensity, and a circularly symmetrical distribution for each focal spot
is very difficult [15]. Except for the multifocus imaging and litho-
graphy, another effective method is to directly generate the focal spot
of specific structure, especially for the lithography of period micro/
nano pattern, which is also equivalent to the projection of the micro/
nano pattern. In the field of trapping and manipulating particles, the
smaller the focal spot size, due to the larger gradient forces, the
stronger the ability of trapping and manipulating particles. The
multifocal properties of a vortex vector beam makes it become
possible for the optical tweezers with multitraps [18]. Because
carrying orbital angular momentum, the vortex beam with a helical
phase can directly rotate particles [5]. We expect that the focal spots
with various structures will have more abundant and surprising
gradient forces, spin and orbital angular momentums. Therefore, if
one can directly construct the focal spot of specific structure with
high resolution, it is a very interesting work in the fields of nano-
scale imaging, nanolithography, trapping and manipulating particles.
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Recently, some analytic inversion methods are reported [19,20], but
when the polarization of the light fields, calculated by the inversion
method, at the incident pupil of the focusing system is complicated,
one might not know how to generate the calculated incident light
fields.

As we know, in theory, a complicated polarized beam may be
considered as the coherent superposition of two orthogonally
polarized beams, such as vector-vortex beams [18] and cylindrical
vector beams [21]. In other words, we can also utilize any two
orthogonally polarized beams with various distributions to com-
pose a more complicated vector beam that has surprising focusing
properties. Recently, we present a composite vector beam com-
posed of two orthogonally linearly polarized beams with inhomo-
geneous polarization modulation so that the multifocus with small
size, uniform intensity, and nearly circular symmetry is obtained
[15,22]. However, the too few variables optimized in the polariza-
tion modulation factor [15,22] seriously limit the abilities in
constructing the focal spot of specific structure with high resolu-
tion. In the past few years, the focusing properties of various
vector beams also have drawn much attention [23–28], but the
same problem, i.e., the too few variables optimized, still exists.

In this paper, we not only increase several variables optimized
in the polarization modulation factor of the complicated vector
beam, but also introduce the helical phase, which makes the
numbers of the variables optimized in this vector beam reach 10
so that it is more powerful and flexible to construct interesting
focal spots than the previous literatures [15,18,22–28]. We first
derive the focusing model of the aplanatic system for this vector
beam with complicated polarization and helical phase. Basing on
this focusing model, the various focal spot structures of polariza-
tions, gradient forces, and spin and orbital angular momentums
can be constructed and are more important for many applications,
but, for simplicity, we will only focus on the focal spot structures
of the intensity distribution in this paper. By optimizing these 10
variables, we directly construct some unique and interesting focal
spots, including the single focal spot with lateral resolution
beyond Abbe diffraction limit and without axial electric field
component and the focal spots with unique structures in the
intensity, such as the square and triangular bright spots, the
various double lines, the cross lines, the ring-shaped square, the
ring-shaped hexagon, and so on. We conclude the functions of
some variables in this vector beam and draw some regulars
optimizing various variables to construct the focal spot with high
quality (see Section 4). Finally, we indicate how to find the new
values of various variables optimized in order to rotate the focal
spot distribution.

2. Theory

Here, we assume that the time dependence is expð� jωtÞ and
the incident light propagating along þz axis is focused by an
aplanatic focusing system L obeying the sine condition (Fig. 1). The
ideal focus O is the origin of rectangular axes xyz. ∑ is the sphere
with center at O and with radius f equal to the focal length of L. ni

is the refractive index of the image space. θi is the angle of the
emergent ray with the �z axis. We assume that the incident
vector beam is the coherent superposition, in varying proportions,
of two orthogonally linearly polarized beams with various dis-
tributions. Therefore, the electric field of the incident vector beam
at the incident pupil may be expressed as

Eo ¼ ½xex cos nðaφþφ0xÞþyey sin
mðbφþφ0yÞ� exp ðjqφÞBðhÞAoðhÞ;

ð1Þ
where AoðhÞ denotes an electric field amplitude in a cylindrical
coordinate system ðh;φÞ and x and y are the unit vector along the x
and y axes, respectively. We introduce the 10 variables n, m, a, b, q,
φ0x, φ0y, ex, ey and BðhÞin Eq. (1). The first factor xex cos n

ðaφþφ0xÞþyey sin
mðbφþφ0yÞ determines the polarization of the

incident vector beam and generates very complicated polarization.
Moreover, the nonnegative integers n and m determine the order
of the sin&cos modulation, and the integers a and b might cause
the vortex polarization of the incident beam. So, for convenience,
the first factor is hereafter called the vortex polarization modula-
tion factor. The second factor expðjqφÞ is a helical phase, where the
integer q is the topological charge. The variables φ0x and φ0y
denote the initial phase in the two orthogonally polarized beams
and the complex numbers ex and ey represent the weight of the
coherent superposition of two orthogonally polarized beams,
respectively. As simple examples, for n¼m¼ 0, Eo is linearly
polarized for ey=ex ¼ 71 and circularly polarized for ex=ey ¼ 7 j.
For n¼m¼ a¼ b¼ ex ¼ ey ¼ 1, it is radially polarized for
φ0x ¼φ0y ¼ 0;π and azimuthally polarized for φ0x ¼φ0y ¼
0:5π; 1:5π. The modulation factor BðhÞ denotes a pupil filter with
cylindrical symmetry. If BðhÞ is a real, pure imaginary, or complex
number, it represents an additional amplitude, phase, or complex
pupil filter, respectively.

For the aplanatic focusing system obeying the sine condition,
by a procedure described in the vector diffraction theory of
Richards and Wolf [29], the vector plane-wave spectrum at the
focal plane can be expressed as [30]

~Ei ¼ jλf cos �1
2 θi � x½ð sin 2φþ cos θi cos 2φÞeox

n

þð cos θi�1Þ sin φ cos φeoy�
þy½ð cos θi�1Þ sin φ cos φeoxþð cos 2φþ cos θi sin

2φÞeoy�
þz sin θið cos φeoxþ sin φeoyÞg; ð2Þ

where eox and eoy are different from the ex and ey shown in Eq. (1)
and may represent any function in the direction of the x and y
polarization of the incident vector beam. Therefore, for the
complicated electric field of the incident vector beam given by
Eq. (1), the corresponding vector plane-wave spectrum at the focal
plane can be written as

~Ei ¼ jλf cos �1
2 θiexpðjqφÞBðhÞAoðhÞ

�fx½ð sin 2φþ cos θi cos 2φÞ cos nðaφþφ0xÞex
þð cos θi�1Þ sin φ cos φ sinmðbφþφ0yÞey�
þy½ð cos θi�1Þ sin φ cos φ cos nðaφþφ0xÞex
þð cos 2φþ cos θi sin

2φÞ sinmðbφþφ0yÞey�
þz sin θi½ cos φ cos nðaφþφ0xÞexþ sin φ sinmðbφþφ0yÞey�g:

ð3Þ
For an arbitrary point P in the image space, its coordinates are

referred to the spherical polar coordinates ðrp;α;βÞ with origin at
the focus O, with the polar axis α¼ 0 in the þz axis, and with the
azimuth β¼ 0 in the þx axis, i.e., x¼ rp sin α cos β,
y¼ rp sin α sin β and z¼ rp cos α. In term of the inverse trans-
form formula [30], the electric field of the point P can be expressedFig. 1. Geometry of imaging of an aplanatic system.
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