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a b s t r a c t

Using an any number of photons Fock state jm〉 and an even coherent state as inputs of Mach–Zenhder
interferometer (MZI), we investigate the quantum interference of output port on the basis of phase space
theory. The statistical properties are discussed by explicitly deriving the Wigner function, photon-
number distribution at individual output port. Moreover, the phase estimation is examined. It is shown
that the parity signal is more super-resolved with the increase of m, nc values (nc is the square of
amplitude of coherent state). The phase sensitivity has superior sensitivity in the vicinity of zero phase
difference, and reaches below shot-noise limit when mZ1. It also approaches the Heisenberg limit with
the increasing m.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Accurate and efficient phase estimation of the optical fields is
the basis of quantum metrology which has been widely studied
with the rapid development of quantum information [1–3]. In
order to enhance the phase estimation, people had proposed many
theoretical schemes to surpass the standard quantum limit (SQL,
δφ-1=

ffiffiffiffi
N

p
) and even to reach the Heisenberg limit (HL,

δφ-1=N) by using nonclassical quantum states, where N is the
mean number of input photons [4–18]. For example, it is shown
that the HL could be approached with the so-called NOON states
as the input, together with an appropriate measurement scheme
[1,5] (Here, these states are not the initial states of the MZI, but the
states after the first beam-splitter). Twin-Fock states jN〉ajN〉b
inputs can also be considered as another possible way to reach
the HL using an Mach–Zehnder interferometer (MZI) [19]. Gen-
erally, it is difficult to generate the NOON states and the twin Fock
states with a large photon number. However, by feeding coherent
and squeezed-vacuum states to the MZI, it is found that the phase
sensitivity can reach the Heisenberg scaling, and is independent of
the true value of the phase shift for arbitrary values of squeezing
[6,20]. The interference between the two states can effectively
produce path entangled NOON states with very high fidelities [7].

In some research works [21–24], an improved phase estimation
scheme is presented employing entangled coherent states inputs
and photon-number and parity measurements. Here, the
entangled coherent states are obtained by superimposing coherent
states and Schodinger cat states. It is shown that there is a
noticeable improved sensitivity of phase estimation in a certain
region (in comparison to NOON states), which demonstrates that
superpositions could be very useful and robust for quantum
metrology, although the coherent states are known as the most
“classical-like” quantum states. Quantum optical metrology has
Heisenberg-limited sensitivity of phase estimation as its goal.
Nonclassical states of light can dramatically improve the sensitiv-
ity of interferometric phase estimations, which is crucial to the
development of modern quantum optics [25,26]. In this paper, we
consider an any number of photon Fock state and coherent state
superpositions as inputs of the MZI, which can be seen as an
example of mixed inputs with continuous- and discrete-variable
quantum states [27,28]. It is found that the HL can be reached by
using such two states. To the best of our knowledge, there is no
relative report in literature before.

The paper is organized as follows. In Section 2, we briefly
describe the the propagation of the MZI using the phase space
function (Wigner function). In particular, we shall realize this
purpose using the property that the order of Weyl ordered
operators are invariance under similar transformations. This
method is convenient for understanding the corresponding
input–output process. In Section 3, we shall investigate statistical
properties of the field at an output port, such as Wigner function,
average photon numbers, fidelity between an output port and an
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input one (photon number distribution), and parity. Sections 4 and
5 are devoted to studying the phase sensitivity with parity
measurement and intensity difference measurement schemes,
respectively. Conclusions are given in Section 6.

2. Relation between input and output for MZI

Mach–Zehnder Interferometer (MZI) can be considered as a
prototype and conventional interferometer of a linear lossless
device with two input ports and two output ports (see Fig. 1),
where two beam splitters are symmetric, i.e. the proportion of the
transmissivity and the reflectivity of each beam splitter is 50:50. It
is simplest to discuss the working of the interferometer in terms of
the transformations of the field operators. As shown in Fig. 1, the
Heisenberg operators ao and bo of the output fields are related to
the Heisenberg operators a and b of the input fields by

ao
bo

 !
¼U

a

b

� �
; ð1Þ

where the transformation matrix U has to be unitary to ensure the
validity of the communication relations, and

U ¼ 1ffiffiffi
2

p 1 i

i 1

� �
1 0
0 eiφ

� �
1ffiffiffi
2

p 1 i

i 1

� �

¼
� ieiðφ=2Þ sin φ

2 ieiðφ=2Þ cos φ
2

ieiðφ=2Þ cos φ
2 eiðφ=2Þi sin φ

2

0
@

1
A¼ �B A

A B

� �
; ð2Þ

which leads to U�1 ¼ �Bn

An
An

Bn

� �
, (det U ¼ eiφ) and we have set

B¼ ieiðφ=2Þ sin ðφ=2Þ, A¼ ieiðφ=2Þ cos ðφ=2Þ. Here the mirrors con-
tribution phase shifts to both beams is ignored which only leads to
an overall phase shift. From the transformation relation in Eq. (1),
it is equaling to the following transformation:

ao
bo

 !
¼ S

a

b

� �
S† ; ð3Þ

where S is a unitary operator.
In order to build the relation between inputs and outputs, we

consider the transformation of Wigner operator through the MZI
shown in Fig. 1. For single-mode system ρa, the Wigner function
(WF) is defined as Tr½ρaΔðαÞ�, where ΔaðαÞ is the single-mode
Wigner operator [29,30] defined as

ΔaðαÞ ¼
2e2jαj

2

π

Z
d2z
π

z〉〈�zje�2ðzαn � znαÞ
���

¼ :

:
δðα�aÞδðαn�a†Þ:

:
;

ΔbðβÞ ¼
:

:
δðβ�bÞδðβn�b†Þ:

:
; ð4Þ

where the symbol :
:
:
: denotes the Weyl ordering, α¼ ðq1þip1Þ=

ffiffiffi
2

p

and β¼ ðq2þip2Þ=
ffiffiffi
2

p
. Using the property that the order of Weyl

ordered operators are invariance under similar transformations

[29,31,32], which means

S
:

:
ð○○○Þ:

:
S�1 ¼ :

:
Sð○○○ÞS�1:

:
; ð5Þ

as if the “fence” :
:
:
: did not exist, so S can pass through it, thus the

Wigner operators under the transform (3) become

ΔaoðαÞΔboðβÞ ¼ S
:

:
δðα�aÞδðαn�a†Þ � δðβ�bÞδðβn�b†Þ:

:
S†

¼ :

:
δðαo�aÞδðαn

o�a†Þ � δðβo�bÞδðβn

o�b†Þ:
:

¼ΔaðαoÞΔbðβoÞ; ð6Þ
which indicates that after the transformation of MZI, the
Wigner operators of output ports still can be considered as the
product of Wigner operators of input ports, related by the classical
correspondence of quantum transformation as follows:

αo

βo

 !
¼ U�1

α
β

 !
: ð7Þ

According to the definition of WF Woðαo;βoÞ, the WF of the output
port can be directly obtained from the input port WF Winðα;βÞ by
replacing α and β with αo ¼ βAn�αBn, and βo ¼ αAnþβBn, respec-
tively. Thus, for the light field propagating through the optical
devices, the relation between the output WF and the input WF is
given by

Woðα;βÞ ¼WaðβAn�αBnÞWbðαAnþβBnÞ: ð8Þ
When Fock state jm〉 is used as an input of MZI, whose WF is

given by [33,34]

W jm〉ðαÞ ¼
2ð�1Þm

π
e�2jαj2Lmð4jαj2Þ; ð9Þ

which is related to a Laguerre–Gaussian function, and LmðxÞ is
Laguerre polynomial whose generating function is

LmðxyÞ ¼
ð�1Þm
m!

∂2m

∂tm∂τm
e� tτþ txþτyjt ¼ τ ¼ 0: ð10Þ

On the other hand, when the even coherent states are used as the
other input, whose definition is given by jψ 〉¼Nðjβ0〉þj�β0〉Þ,
where jβ0〉 (β0 ¼

ffiffiffiffiffi
nc

p
e� iφc , jβ0j ¼ nc) is a coherent state and the

normalization factor N is given by N¼ ½2ð1þe�2jβ0j2 Þ��1=2. The
corresponding WF is

W jβ0〉
ðβÞ ¼ 2N2

π
e�2jβ0 �βj2 þe�2jβ0 þβj2 þðe�2jβ0 j2e2ðβ

n

0 �βnÞðβ0 þβÞ þc:cÞ
n o

:

ð11Þ
The corresponding WF of the input states is just the product of the
respective WFs [32,33], i.e.

Winðα;βÞ ¼
4N2ð�1Þm

π2 e�2jαj2Lmð4jαj2Þ

fe�2jβ0 �βj2 þe�2jβ0 þβj2

þðe�2jβ0j2e2ðβ
n

0 �βnÞðβ0 þβÞ þc:cÞg: ð12Þ
Thus using the transformation in Eq. (7), we can obtain the WF at
the output fields by replacing α and β with αo ¼ βAn�αBn, and
βo ¼ αAnþβBn, i.e.

Woutðα;βÞ ¼
4N2ð�1Þm
π2e2jβ0 j2

e�2jαj2 �2jβj2Lmð4jαoj2Þ

�fWout
þ þWout

� þe2jβ0j2Wout
inf g; ð13Þ

where we have set (note ABn�BAn ¼ 0, and AAnþBBn ¼ 1;AAn�
BBn ¼ cos φ;2ABn ¼ sin φ)

Wout
þ ¼ exp 2 αβn

0A
nþβn

0B
nβ

� �
þc:c

n o
;

Wout
� ¼ exp 2 �αβn

0A
n�βn

0B
nβ

� �
þc:c

n o
;

Wout
inf ¼ exp 2 αβn

0A
nþββn

0B
n

� �
�c:c

n o
þc:c: ð14Þ
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Fig. 1. The Mach–Zehnder interferometer with an input even coherent and Fock
states.
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