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Abstract

The crossing by light of a turbulent medium results in a random propagation time. We show that the broadening of monochromatic
sources leads to a redshift for a part of the transmitted wave and a spreading for the other part. Gaussian shaped spectra and Gaussian
propagation times allow to perform computations about the properties of the received wave. In particular, when it is possible to give a
strong enough random character to the propagation, the shift parameter z can reach a sizeable amount, taking smooth hypotheses about
the parameters of used Gaussian.
� 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Doppler effect has long been used as a measure of veloc-
ity. It is the case for the speed of cars using backscattering
of radar waves, of liquids with acoustic waves or laser
beams, or for stars with the emitted light. The discovery
of quasars and other luminous galaxies has shown that
the Doppler effect could not be the only cause of spectral
shifts. Other theories have been put forward to explain
anomalous redshifts, and are being much debated nowa-
days. This theme of research explains the study of optical
devices which are able to create spectral changes [1,3,16].

In this paper, we show that it is possible to create red-
shifts from random propagation delays. We consider a nar-
rowband wave Z ¼ fZðtÞ; t 2 Rg which is emitted by some
device or not. This wave goes through a medium turbulent
enough to explain a (independent) random propagation
time A ¼ fAðtÞ; t 2 Rg. The observer receives a delayed
process U defined by

UðtÞ ¼ Zðt � AðtÞÞ: ð1Þ

Spectral characteristics of U depend on the statistical prop-
erties of the emitted process Z and on the random propa-
gation time A.

When applied on pure spectral rays, random propaga-
tion delays can be used to explain phenomena like the
weakening of the acoustic waves [8,12], the widening and
the particular shapes of spectra in the cases of backscatter-
ing of radar waves on trees [8], HF propagation [9], back-
scattering of radar waves on the sea, or laser propagation
[11].

In sections hereafter, the initial process Z will be
assumed narrowband with Gaussian spectral shape before
propagating. Such a process will be referred as monochro-
matic (purely monochromatic when the bandwidth is
zero). Also, the probability laws of the random propaga-
tion time will be assumed Gaussian. These hypotheses
are currently used in literature and they allow to develop
fair computations. We will calculate the spectral transfor-
mations as a function of the statistics of both processes,
and we will show that redshifts naturally occur with
amplitude depending mainly on the spectral width of the
emitted process. Furthermore, a noise appears, which
influence depends on the coherence properties of the prop-
agation time.
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2. Gaussian delays and Gaussian spectra

(1) Firstly, we assume that Z ¼ fZðtÞ; t 2 Rg is a zero
mean stationary process with power spectrum sZðxÞ
defined by [2,14]

E½ZðtÞZ�ðt � sÞ� ¼
Z 1

�1
eixssZðxÞdx ð2Þ

where E[..] is for the mathematical expectation or ensemble
mean and * for the complex conjugate. Secondly, the prop-
agation time A ¼ fAðtÞ; t 2 Rg is assumed independent of
the emitted process Z and with stationary statistics of order
one and two defined by

wðxÞ ¼ E½eixAðtÞ�
/ðs;xÞ ¼ E½eixðAðtÞ�Aðt�sÞÞ�:

�

The characteristic functions wðxÞ and /ðs;xÞ are the Fou-
rier transforms of the probability laws of the random vari-
ables (r.v) AðtÞ and AðtÞ � Aðt � sÞ. Then, the process
U ¼ fUðtÞ; t 2 Rg defined in (1) by UðtÞ ¼ Zðt � AðtÞÞ can
be written as the sum of two uncorrelated processes
G ¼ fGðtÞ; t 2 Rg and V ¼ fV ðtÞ; t 2 Rg such as [7]

UðtÞ ¼ GðtÞ þ V ðtÞ
sGðxÞ ¼ jwðxÞj2sZðxÞ
E½V ðtÞV �ðt � sÞ� ¼

R1
�1ð/ðs;xÞ � jwðxÞj

2ÞeixssZðxÞdx

8><
>:

ð3Þ

where sGðxÞ is the spectral density of G. From the point of
view of the signal theory, G is the result of a linear invari-
ant filtering of Z in a filter of complex gain (or frequency
response) wðxÞ. The process V is not correlated with Z
and consequently with G. Then, V has to be considered
as a noise due to the loss of coherence of the wave. In U,
the noise V is added to the filtered process G which holds
the information on Z. Because the total powers of U and
Z are equal, the appearance of the process V implies that
the total power of G is less than this of Z. This fact can
be interpreted as a weakening of the emitted process.

(2) To fix the ideas and to give an accurate meaning to
the used parameters, we place ourselves in the Gaussian
frame together through the shape of the spectrum sZðxÞ
and through the probability law of the propagation delay A

sZðxÞ ¼ 1
a
ffiffiffiffi
2p
p exp½�ðx� x0Þ2=2a2�

wðxÞ ¼ exp½imx� r2x2=2�
/ðs;xÞ ¼ exp½�r2x2ð1� qðsÞÞ�
r2qðsÞ ¼ Cov½AðtÞ;Aðt � sÞ�:

8>>>><
>>>>:

ð4Þ

The spectrum sZðxÞ is normalized to a unit total power,
and x0 > 0 is the central frequency. a is the spectral half-
width of the emitted process Z. m;r; qðsÞ are the parame-
ters of the propagation delay A. m is the mean (which does
not intervene anywhere in what follows, besides in a cros-
scorrelation function). r (the standard deviation) gives
the range of A, and qðsÞ (a correlation coefficient) measures
the celerity of variations of A. Hypotheses on qðsÞ will be

taken in Section 4. The formulas of (4) will be used in
the following Sections to study both processes G and V

which result in the randomness of the propagation time.

3. The redshift

(1) G is the part of the received process U which is (lin-
early) linked to the emitted process Z. Using the expres-
sions of sGðxÞ;wðxÞ given in (3) and (4), we obtain

sGðxÞ ¼ 1
a
ffiffiffiffi
2p
p exp½�xGx0r2 � ðx� xGÞ2=2b2�

xG ¼ x0=ð1þ 2a2r2Þ; b ¼ a=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2a2r2
p

:

(
ð5Þ

xG is the gravity center of sGðxÞ. Because xG < x0, G is
redshifted in respect to Z. The redshift parameter z is de-
fined by

z ¼ kG � k0

k0

¼ x0 � xG

xG
¼ 2a2r2 ð6Þ

and does not depend on x0 (k ¼ 2pc=x is the wavelength).
Obviously, it is a significant property. Because the parame-
ters a (the half-width of the emitted ray) and r (the standard
deviation of the propagation time) are arbitrary quantities,
the model ends to an arbitrary large redshift. Furthermore,
b ¼ a=

ffiffiffiffiffiffiffiffiffiffiffi
1þ z
p

< a, which shows that the ray is narrowed in
absolute value, but not in relative value because

b
xG
¼ a

x0

ffiffiffiffiffiffiffiffiffiffiffi
1þ z
p

>
a
x0

:

For small z, both quantities a and b can be confused. The
total power P G of the ray is given by (remind that the emit-
ted power P Z is unit)

P G ¼
Z 1

�1
sGðxÞdx ¼ 1ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p exp �ðx0rÞ2

1þ z

" #
: ð7Þ

Note that P G ¼ exp½�ðx0rÞ2� is for the pure monochro-
matic case ða ¼ 0Þ with no redshift ðz ¼ 0Þ, whatever the
propagation time randomness. From the signal theory
point of view, G is a linear (Gaussian) filtering which high-
lights a part of the Z spectrum (around xG) and cancels the
power outside an interval around xG. We will discuss this
point.

(2) (7) can be written as

P G ¼
1ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p exp � 1

2d2

z
1þ z

� �
;

d ¼ a=x0

z ¼ 2ðarÞ2:

�
ð8Þ

d represents the relative half-width of the emitted wave.
Table 1 below gives the values of �10 log P G (P G in �dB)
as a function of z (the redshift parameter) and of d (the rel-
ative raywidth). P G is formally independent of x0, but, in
real situations, it is possible that each ray has its particular
width, so that P G may be linked to x0 through a. For small
z, a good approximation is given by P G ffi exp½�z=2d2�.

Table 1 shows that a sizeable redshift for G seems pos-
sible only when the spectral width of Z is sufficient (the
missing values are above 500). Nevertheless, we remind
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