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Abstract

The existence conditions for total reflection and the corresponding critical angle at the interface separating an isotropic medium and
an indefinite metamaterial for TE- and TM-polarized electromagnetic waves are obtained. For different kinds of indefinite metamaterial,
there appear different total reflection phenomena. Particularly, the anomalous total reflection in which the incident angle is smaller than
the critical angle and the Brewster’s angle can be smaller than the critical angle can occur for anti-cutoff medium. Furthermore, the omni-
directional total reflection exists for the always cutoff medium and anti-cutoff medium. The total reflection depends on the thickness of
indefinite metamaterial when the indefinite metamaterial is finite, and the photon tunneling phenomenon can occur when the thickness of
indefinite metamaterial is smaller than wavelength.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The negative index material (NIM) with negative per-
mittivity and negative permeability simultaneously, first
introduced by Veselago [1], has recently received much
attention in the literatures owing to its very unusual prop-
erties [2–5], such as negative refraction index [5] and wave
vector antiparallel to the Poynting vector [1]. NIMs were
realized primarily in the microwave range. Nowadays,
NIMs in the near IR and optical range have also been
experimentally demonstrated [6,7]. Several applications
have been envisioned for these materials: perfect lens [3],
compact-cavity resonators [8], phase shifters [9], and effi-
cient waveguide [10,11]. Recently, the characteristics of
electromagnetic waves propagation in anisotropic NIM,
even an indefinite metamaterial [12] in which not all the
principal elements of the permeability and permittivity ten-

sors have the same sign also have been discussed exten-
sively. Schurig and Smith have outlined a potentially
useful application of the indefinite metamaterial as a spa-
tial filtering [13]. Hu and Chui have mainly discussed under
what conditions anomalous reflection or refraction can
occur at the interface when propagating waves pass from
one isotropic regular medium into another uniaxially
anisotropic NIM medium [14]. Furthermore, Shen and
Wang predicted the existence of a total transmission phe-
nomenon at the interface separating a regular material
and an indefinite metamaterial under suitable conditions
[15].

In classical electromagnetic field theory, when light trav-
els from the optically dense material to the optically rarer
material, the total reflection will occur if the incident angle
is larger than the critical angle [16]. This phenomenon has
been found applications in attenuated total reflection spec-
troscopy [17], scanning photon tunneling microscopy [18],
and microscale thermophotovoltaic devices [19]. In this
paper, we investigate the problem of total reflection of
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electromagnetic waves at the interface formed by an isotro-
pic regular material and an indefinite metamaterial. We
present a detailed analysis on the existence conditions for
total reflection for all the possible physical parameters.
This total reflection phenomenon is significantly different
from that for isotropic materials. This paper is organized
as following. We first investigate the propagation charac-
teristic at the interface between an isotropic medium and
an indefinite metamaterial in Section 2. Then we discuss
the existence conditions for the total reflection and the crit-
ical angle when the light goes from the isotropic medium to
the indefinite metamaterial in Section 3. In Section 4, we
analyze the condition for total reflection when the indefi-
nite metamaterial is finite, and present a numerical result.
Finally, in Section 5, we give our conclusion.

2. Propagation characteristics of electromagnetic wave at the

interface with indefinite metamaterial

The geometry of the considered problem is shown in
Fig. 1, where the plane wave of angular frequency x is inci-
dent from the medium 1 at an incident angle h into the
medium 2 (indefinite metamaterial). The medium 1 is char-
acterized by the permittivity e1 and the permeability l1, and
the indefinite metamaterial is characterized by the permit-
tivity e, the permeability l. The interface of the two media
is parallel to the xy plane, and the normal direction is the
z-axis. To simplify the proceeding analysis, we assume
the anisotropic permittivity and permeability tensors can
be simultaneously diagonalizable, then e and l tensors
can be denoted as the following forms:

e ¼
ex 0 0

0 ey 0

0 0 ez

0
B@

1
CA; l ¼

lx 0 0

0 ly 0

0 0 lz

0
B@

1
CA: ð1Þ

In the subsequent analysis, we assume that the indefinite
metamaterial is optically uniaxial, and the optical axis (z-
axis) is normal to the interface, then ex ¼ ey 6¼ ez and
lx ¼ ly 6¼ lz.

Without loss of generality, we assume that the wave vec-
tor locates at the xz plane, and the incident electric field is
E ¼ ŷE0eiðkxxþk1zz�xtÞ, where kx and k1z are x and z compo-
nents of the incident wave vector. We first discuss the TE

modes, and the TM modes can be treated similarly. For
the TE waves, the dispersion relation in the isotropic regu-
lar medium is

k2
x þ k2

1z ¼ e1l1ðx2=c2Þ; ð2Þ
and for the indefinite metamaterial, it is

k2
x

eylz
þ k2

2z

eylx
¼ x2

c2
: ð3Þ

Thus the normal wave vector component in the indefinite
metamaterial satisfies,

k2
2z ¼ ðx2=c2Þ½eylx � ðlx=lzÞe1l1 sin2 h�: ð4Þ

In the absence of loss, the sign of k2
2z can be used to distin-

guish the nature of the plane-wave solutions. k2
2z > 0 corre-

sponds to real valued k2z and propagating solutions.
k2

2z < 0 corresponds to imaginary valued k2z and exponen-
tially growing or decaying (evanescent) solutions. It is
noted that the sign of the wave vector k2z must ensure
the Poynting vector inside the indefinite metamaterial to
point away from the interface between the incident and
indefinite metamaterial, and according to reference [20],
k2z and lx must keep the same sign.

The reflection coefficients and transmission coefficients
can be found by considering the boundary conditions for
the electric field and magnetic field at the interface

rTE ¼ lxk1z � l1k2z

lxk1z þ l1k2z
; ð5Þ

tTE ¼ 2lxk1z

lxk1z þ l1k2z
: ð6Þ

Similarly, we also easily obtain the reflection coefficients
and transmission coefficients for TM waves:

rTM ¼ exk1z � e1k02z

exk1z þ e1k02z

; ð7Þ

tTM ¼ 2exk1z

exk1z þ e1k02z

; ð8Þ

where

k022z ¼ ðx2=c2Þ½exly � ðex=ezÞe1l1 sin2 h�: ð9Þ

If the optical axis of the indefinite metamaterial is paral-
lel to the interface between the two media, we can also
choose the z-axis to be normal to the interface and the
x-axis to be along the optical axis, then ex 6¼ ey ¼ ez and
lx 6¼ ly ¼ lz. Finally the reflection coefficient and transmis-
sion coefficient can be obtained similarly.

It is easily found from Eqs. (5)–(9) that the total reflec-
tion occurs when

RTE ¼ jrTEj2 ¼ 1 ð10Þ
for TE waves and when

RTM ¼ jrTMj2 ¼ 1 ð11Þ

for TM waves. In the conventional medium, at the inter-
face formed by two regular media, when the incident angle

Fig. 1. Geometrical structure of the problems. The optical axis of the
indefinite metamaterial is z-axis.
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