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Abstract

Squeezing of the electromagnetic field is investigated in fundamental mode in fourth harmonic generation under a short time approx-
imation based on quantum mechanical approach. The occurrence of squeezing in field amplitude and in higher power amplitude (up to
fourth-order) in fundamental mode has been studied. It is found to be dependent on phase of field amplitude of the fundamental mode.
The dependence of squeezing on the photon number has also been investigated. It is found that squeezing increases non-linearly. It has
also been found that the photon statistics of the field in fundamental mode is sub-Poissonian. The signal to noise ratio has been studied in
different order. It is found that signal to noise ratio is higher in lower order.
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1. Introduction

Squeezed states are the minimum uncertainty states
with reduced noise below the vacuum limit in one of
the canonical conjugate quadrature of the field ampli-
tude. Such states are the closest counterpart to a coher-
ent state. The coherent states do not exhibit non-classical
effects but a superposition of coherent states can exhibit
various non-classical effects, such as, squeezing (lower as
well as higher) and sub-Poissonian photon statistics (ant-
ibunching). Superposition of coherent states can be gen-
erated in interaction of coherent states with non-linear
medium. It has been found that some coherent states
exhibit squeezing but not sub-Poissonian statistics [1]
and some coherent states exhibit sub-Poissonian statistics
but not squeezing, e.g. a pure number state exhibits ant-
ibunching but not squeezing because of the complete lack
of phase information. In some processes superposition of
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two coherent states of identical mean photon number but
different phases can exhibit both squeezing and antibun-
ching [2,3].

With the development of techniques of higher-order cor-
relation measurements, Hong and Mandel [4] and Hillery
[5] introduced the notion of higher-order squeezing. Zhan
[6] proposed the generation of amplitude cubed squeezing
in the fundamental mode in second and third harmonic
generation. Squeezed states have several possible applica-
tions such as gravitational wave detection [7-10], optical
storage [11], teleportation [12], high precision measure-
ments [13], and so on. It has been shown that such states
can be generated in various non-linear optical processes
such as, harmonic generation [14-17], multi-wave mixing
[18-22], Raman processes [23] and Hyper-Raman processes
[24] etc.

The results of this paper show the simultaneous squeez-
ing and sub-Poissonian effects when both are maximum.
Fourth harmonic generation in fundamental mode is one
of such distinguished examples where light exhibits both
squeezing and sub-Poissonian photon statistics at the same
time as presented in this paper.
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2. Definition of squeezing and higher-order squeezing

Squeezed states of an electromagnetic field are the states
with reduced noise below the vacuum limit in one of the
canonical conjugate quadrature. Normal squeezing is
defined in terms of the operators

1 ; 1 .
X1:§(A+A) and XZZ?(A—A') (1)
1
where X; and X, are the real and imaginary parts of the
field amplitude, respectively. 4 and A" are slowly varying

operators defined by
A=ae” and A" =dle ™ (2)

The operators X; and X, obey the commutation relation

i

X1, %] =3 (3)
which leads to uncertainty relation (7 = 1)
AXAX; > % 4)

A quantum state is squeezed in X; variable if
1
AXi<§ fori=1or2 (5)

Amplitude-squared squeezing is defined in terms of opera-
tors Y; and Y, as

Y, = % 2447 and Y, — % 4 — 47 (6)

The operators Y, and Y, obey the commutation relation
[Y,,Y>]=i2N + 1) which leads to the uncertainty relation

AY\AY, = <(N+%)> (7)

where N is the usual number operator.
Amplitude-squared squeezing is said to exist in Y; vari-
able if

1
Amplitude-cubed squeezing is defined in terms of operators

Z] Z%(A3 +AT3) and Zz = Zil(A3 —ATS) (9)

The operators Z; and Z, obey the commutation relation
A :é(9N2+9N+6) (10)
Relation (10) leads to the uncertainty relation

AZ|AZ, > %(9N2+9N+6) (11)
Amplitude-cubed squeezing exists when

(AZ))* < l<(9N2 +9N +6))

1 fori=1or2 (12)

Real and imaginary parts of fourth-order amplitude are gi-
ven as

F, = %(A“ +4") and F,= %(A“ —A™) (13)
1

The operators F; and F, obey the commutation relation
IF), F) :%(16N3 + 24N + S6N +24) (14)
and satisfy the uncertainty relation (7 = 1)

AF\AF, > %((16N3+24N2+56N+24)> (15)

Fourth-order squeezing exists when

(AF,)” < %((161\73 + 24N? + 56N +24)) fori=1 or 2
(16)

3. Squeezing of fundamental mode in fourth harmonic
generation

Fourth harmonic generation model has been adopted
from the works of Chen et al. [25] and is shown in
Fig. 1. In this model, the interaction is looked upon as a
process which involves absorption of four photons, each
having frequency w; going from state |1) to state |2) and
emission of one photon of frequency w,, where w, = 4w;.

The Hamiltonian for this process is given as follows
(h=1)

H = wia'a + o,b'b + g(a*b’ + a'*b) (17)

in the above equation g is a coupling constant for fourth
harmonic generation. 4 = a exp(iw;t) and B = b exp(iwt)
are the slowly varying operators at frequencies w; and
w,, respectively, a(a’) and b(b") are the usual annihilation
(creation) operators, respectively.

The Heisenberg equation of motion for fundamental
mode A is given as (7 =1)

%—IjZ%—H[H,A] (18)
Using Eq. (17) in Eq. (18), we obtain

A= —4igA”B (19)
Similarly,

B = —ig4* (20)

In this process, we assume the interaction time ‘¢’ to be very
small. We expand A(¢) by using Taylor’s series expansion
and retaining the terms up to g’ as

A(t) = A — 4igtAPB + 2g°[(12474° + 3644
+244)B'B — AP 4% (21)
For squeezing of field amplitude in fundamental mode A,

the real quadrature component is

Xuu =310 +4'()] 22)
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