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Abstract

We study the pairwise entanglement of a three-qubit spins in the XXZ model, and teleport an unknown state using the spin chain in
the thermal equilibrium as a quantum channel. The effects of coupling strength, magnetic field, the anisotropy and temperature on the
entanglement and fidelity are investigated. We find that the ferromagnetic spin chain is suitable for quantum teleportation, while the anti-
ferromagnetic one is not. We give the maximal average fidelity, and the condition under which the maximal average fidelity is obtained.
In addition, the relation between the entanglement and fidelity is studied, and we find that the considered entanglement cannot

completely reflect the fidelity.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Quantum entanglement is a fundamental concept in the
quantum theory, and has been regarded as an essential
physical resource for quantum computation and quantum
communication [1]. An entangled system has nonlocal cor-
relation between its subsystems. This nonlocal correlation
makes some tasks possible or better than those done in
classical world. For example, the nonlocal correlation
allows one to teleport an unknown quantum state from
one site to another site with fidelity better than any classical
communication protocol [1].

Recently, quantum spin chains in condensed matter
physics have been extensively studied in the context of
quantum information science. On the one hand, they are
very promising candidates for quantum information pro-
cessing. In the spin chain systems, an unknown state,
which is placed on one site, can be transmitted to a distant
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site with some fidelity by using the dynamics of the spin
system [2]. The spin chains are also candidates for quan-
tum information storing and quantum memories [3], quan-
tum computation [4], quantum clone [5], teleportation
[6,7], and so on. On the other hand, the entanglement in
spin chains at finite temperatures has been investigated
by many authors. Roughly those studies can be separated
into at least three categories: the first one is about few-,
mostly two-, spin chains [8-13]; the second concentrates
on the chains of infinite spins with attention to quantum
phase transitions [14-18]; the third investigates the chains
of many but finite spins with the focus on the relation
between the entanglement length and the correlation
length [19-21].

In this paper, we also focus on the first category. Here
we study the thermal pairwise entanglement (TPE) in 1D
spin chain described by the XXZ model in an external mag-
netic field, and use the thermal equilibrium state of the
chain as a quantum channel to teleport an unknown quan-
tum state. Generally, at finite temperature, the state of the
spin chain is a mixed entangled state. In the original
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protocol of quantum teleportation, the quantum channel is
a pure maximally entangled state, e.g., an EPR (Einstein—
Podolsky—Rosen) state [22]. However the decoherence
from environment always impacts on the degree of entan-
glement, and the resource of pure entangled states is hard
to prepare in a real experiment. Therefore it is necessary
to consider the mixed state used to teleport a state, and
the related work has been reported recently [23,24]. In this
paper we use a concrete physical system, spin chain in ther-
mal equilibrium state, to teleport any unknown one-qubit
pure state, and the scheme of teleportation is given. We
obtain the analytical and numerical results for the average
fidelity at zero temperature and nonzero temperature,
respectively. The effects of external magnetic field, coupling
strength, anisotropy and temperature on the fidelity are
investigated. In addition, the relation between the entangle-
ment and fidelity is discussed.

The structure of the paper is as follows. In the sec-
ond part we introduce the model in brief. In the third
and fourth parts we discuss the TPE and teleportation,
respectively. The paper ends in the fifths part with the
conclusions.

2. The system and its thermal equilibrium state

We consider the XXZ model for a chain of three spins in
an external magnetic field and with periodic boundary con-
ditions. The corresponding Hamiltonian is given by
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where J is the coupling strength in the x and y directions,
and J + 4 is the coupling strength in the z direction. The
parameter 4 quantifies the anisotropy in the interaction.
The chain is said to be anti-ferromagnetic for J > 0 and fer-
romagnetic for J < 0. When 4 = —J, the system reduces to
XX model, and when 4 = 0, it is XXX model. In Eq. (1) the
term proportional to 4 commutes with the terms propor-
tional to J, so the eigenstates of the Hamiltonian H coin-
cide with those of the isotropic Heisenberg model. Simple
calculation gives the eigenstates and the corresponding
eigenvalues,
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where p = exp(2in/3), |0) and |1) represent spin-up and spin-
down states, respectively. The composite state in equilib-
rium at temperature 7 is characterized by a density matrix
p =exp(—pH)/Z, where B =1/(kT), kg is the Boltzmann
constant, and Z = Trexp(—fH)] is the partition function.
We expand the density operator of the system at a temper-
ature 7, which is given by its Gibbs states, as follows
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In order to study the entanglement between two spins, we re-
quire their reduced density matrices. The density matrix for
different pair is obtained by tracing over the third spin, that
is, paB = Trcpasc, pec = Trapasc, and pac = Trepasc.
By symmetry under cyclic shift, the three reduced density
matrices are equal, and are labeled as p. In the computa-
tional basis {|00), |01), [10), [11)}, p is given by

v 0 0 O
110 w z O
- 4
P=3710 : ol @
00 0 pu
where

Z = 2e 3 cosh 3B + 212 cosh 357 + '] cosh fiB,

p = 3eUHECA) | oBEI=AB) | pof(I+a-B)
w = 2eM (e 1 2¢*¥) cosh BB,

z=2eM(e*¥ — &’ cosh B,
[ = FAIFAEE) | oI BA) 33T +B-1). (5)

In the next part we will use the above results to study the
entanglement of two spins.

3. Thermal pairwise entanglement of the chain

In this part we first give the expression of the concurrence
that quantifies the amount of entanglement between two
qubits, then we study the entanglement between two spins
when the temperature is zero and positive, respectively.

Convenient measure of entanglement of two-qubit state
ois the concurrence, which is defined as [25]
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where s are the square roots of the eigenvalues of
the operator R = gd” ® ¢’0*¢” ® ¢’ in decreasing order,
and the asterisk stands for the complex conjugate. For
the state p given in Eq. (4), the four eigenvalues of
the operator po’ ® ¢’'p*c” ® ¢¥ are given by x; (i=
1,....4),
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