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H I G H L I G H T S

� Effects of thermal load and scale on
the nonlinear resonant of graphene
is given.

� The anisotropic behavior of gra-
phene induces the nonlinear fre-
quency to increase.

� The nonlinear thermal resonant of
graphene is controlled by the med-
ium stiffness.
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a b s t r a c t

An analytical method is presented to investigate the nonlinear vibration behaviors of graphene sheet
affixed on an elastic medium, where small-scale and thermal effects are considered. Based on von
Kármán geometrical nonlinear relationship and nonlocal elasticity theory, the nonlinear thermo-vibra-
tion equations of monolayer graphene sheet affixed on an elastic medium is derived. Utilizing the global
residue harmonic balance method to solve the nonlinear thermo-vibration equations, the nonlinear
thermo-resonant frequencies of graphene sheets affixed on an elastic medium with three different
boundary conditions are obtained. Results show that small-scale effect has a significant impact on the
nonlinear resonant frequency of monolayer graphene sheet and the impact of scale effect gradually
decreases with the size of graphene sheet increases. Moreover the nonlinear thermal resonant frequency
of monolayer graphene sheet nonlinearly grows with its initial displacement, and the nonlinear char-
acteristics of thermal resonant frequency appear in larger growth rate as thermal loading increases. In
addition, the effect of equivalent Winkler modulus and shear modulus of elastic medium on the non-
linear thermal resonant frequency is also described and discussed.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

Graphene is a planar atomic layer of carbon atoms bonded in a
hexagonal structure. Owing to its superior mechanical, physical
properties [1,2] and ultrahigh frequency range up to the terahertz
order [3,4] larger than Silicon at the same dimension, graphene

provides an innovative access to nano-smart elements, which have
potentials in a wide range of applications such as detection of gene
mutation, disease detection, gas detection, DNA sequencing, con-
stantly monitors of material states, etc [3,5]. The basic principle of
nano-resonant sensors is to detect shifts in resonant frequencies
or wave velocities induced by the contact from foreign atoms or
molecules. Thereby, it is instructive to have a good understand on
the resonant frequencies of graphene sheet or graphene sheet
affixed on nano-elastic medium.

The scale effect of nano-structures becomes significant in
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investigating on their physical characteristics [6] due to the in-
teraction effects between atoms cannot be neglected. In view of
the size-depended physical property, theories considering scale
effect are developed to investigate the vibration responses of
graphene sheet or other nanoplates. Akgoz et al. [7] discussed the
free vibration problem of simply supported single-layered gra-
phene sheet through the modified couple stress theory. Aksencer
and Aydogdu [8] studied the forced vibration response of nano-
plates with Navier type solution method and validated the ne-
cessity of nonlocal elasticity effects in the research of nano-scale
plates. Using the Kirchhoff plate theory, Mahdavi et al. [9] in-
vestigated the nonlinear vibration and post-buckling of a single-
layered graphene sheet by introducing the nonlinear van der
Waals forces to simulate the interactions between graphene and
polymer. Civalek and Akgoz [10] analyzed the vibrating response
of micro-scaled sector shaped graphene located on an elastic
matrix with an eight-node curvilinear element. Pradhan et al. [11]
presented the vibration analysis of multilayered graphene sheets
affixed on polymer matrix based on nonlocal continuum me-
chanics. Utilizing differential quadrature (DQ) method, Pradhan
et al. [12] studied the small-scale effect on the vibration frequency
of orthotropic single-layered graphene sheets based on the non-
local theory. Jomehzadeh et al. [13] studied the large amplitude
vibration of multilayered graphene sheets with nonlocal elasticity
and harmonic balance method. Apart from the nonlocal theory,
molecular dynamics (MD) method is also an indispensable ap-
proach for studying on the physical behaviors. Though Molecular
dynamics method is computationally expensive, it actually has
been widely used in the nano-scale investigation on carbon-based
nanostructures. Kang et al. [14] presented the relationships be-
tween resonant frequency and initial axial tension when studying
a suspended graphene-ribbon using MD simulations. Utilizing
nonlocal Mindlin plate theory and MD method, Ansari et al. [15]
investigated the vibration problem of rectangle single-layered
graphene sheets, where the results from nonlocal theory are in
good agreement with MD simulation. Recently, Nazemnezhad
et al. [16] investigated the free vibration of cantilever multi-layer
graphene nanoribbons with the interlayer shear effect using MD
method and nonlocal elasticity.

Although many investigations on the vibration problems of
graphene or graphene-based composites have presented in the
literature, few works investigate the nonlinear thermal resonant
behaviors of graphene or other materials affixed on an elastic
medium [17–19] (metals, SiO2, polymer, etc) considering small-
scale effect so far. Shen et al. [20] discussed the nonlinear vibration
behavior of single-layered graphene sheet with nonlocal plate
model and predicted the nonlinear frequency of bilayer graphene
sheet via MD method considering thermal effect in another work
[21]. Prasanna Kumar et al. [22] presented the thermal vibration
analysis of single-layered graphene sheet affixed on polymer
elastic medium based on nonlocal isotropic Mindlin plate theory,
and showed the relationship of natural frequency versus wave
numbers as well as ratio of side length at two axes. However, the
classical Mindlin plate theory is not suitable for the geometric
nonlinear vibration of graphene sheet affixed on elastic medium
so that nonlinear von Kármán geometrical nonlinear relationship
should be introduced into this problem. There are several methods
applied into solving the problems of linear vibration of monolayer
or multiple layers graphene sheet, including DQ method
[12,15,23], MD method [24], multi-scale approach [25], Ritz
method [26], and nonlocal finite element method [27].

In this paper, the nonlinear vibration behaviors of graphene
sheet affixed on an elastic medium is investigated based on von
Kármán type strain-displacement relations and nonlocal elasticity
theory. Section 2 derived the nonlinear vibration governing
equations with Hamilton’s principle. In Section 3, three different

boundary conditions (SSSS, CCSS, CCCC) are introduced based on a
series of admissible functions and stress functions. In Section 4,
the nonlinear resonant frequencies under several impact factors
are solved with the Galerkin method [9] and global residual har-
monic balance method. In Section 5, a compare among FOSD
(First-Order Shear Deformation) theory, molecular dynamics (MD)
method [15] and the present work is given to verify the accuracy
and effective of the present method, then it presents the nonlinear
resonant frequencies of several examples and some important
results. Here, the meaningful results can serve as a useful re-
ference for the design of graphene-based nano-devices when
working at a nonlinear vibrating circumstance, and will stimulate
further interest in this topic.

2. Governing equations

The calculating model of monolayer graphene sheet affixed on
an elastic mediumwith length L ax = , width L by = and thickness h
is showed in Fig. 1, where the origin of coordinate system is fixed
at the corner of the graphene sheet and the effect of elastic
medium on graphene sheet is given by the equivalent Winkler
modulus KW and shear modulus KG, respectively.

In view the large amplitude motion of graphene sheet, the von
Kármán nonlinear geometrical relationship for this model are
expressed as
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Here u, v, w are the components of displacement in the x, y and z
directions, respectively. Based on nonlocal elasticity theory con-
sidering the long range forces (nonlocal characteristics) between
atoms in graphene sheet [28], the nonlocal orthotropic stress–
strain relations of monolayer graphene sheet under thermal
loading is written as
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where xσ , yσ and xyτ are stresses, 1α , 2α are the thermal expansion
coefficients along x-axis and y-axis, respectively, ΔT is
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Fig. 1. The schematic of monolayer graphene sheet affixed on an elastic medium.
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