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a b s t r a c t

We propose a simple effective model to describe FeAs superconductors. This model is based on the

assumption of a local spin-density-wave (SDW) order, with its magnetization direction allowed to

fluctuate. It is shown that the long-range order with momentum Q ¼ ðp;pÞ is generally unstable in

competing with the kinetic energy of the charge carriers. A true weak SDW order is formed in the

undoped case with an additional momentum shift Q s ¼ ðp;0Þ due to the peculiar Fermi surface nesting.

In the doped case, the fluctuating long-range order driven by kinetic energy can naturally result in a

d-wave superconducting condensation. Such low-energy physics is protected by the presence of the

local SDW which sustains some kind of ‘‘Mott gaps’’ for the multiband d-electrons near the Fermi

energy.

& 2009 Elsevier B.V. All rights reserved.

1. Introduction

The recent discovery of the iron-based superconductors [1–5]
has stimulated a lot of interest concerning underlying mechanism
for superconductivity in this new superconductor family. It has
been established by various measurements [6–8] that there exists
an spin-density-wave (SDW) order in the undoped LaOFeAs
compound below T�150 K, which quickly disappears with the
electrons doped into the system, where the superconducting
phase starts to set in with transition temperatures being raised
beyond 50 K [5,9]. While the general phase diagram [1–4,9]
reminds us some interesting similarities with the cuprate super-
conductors, the d-electrons on Fe seem much more itinerant
with multi-orbitals crossing the Fermi level as indicated by the
band structure calculations [10–16], compared to the isolated
Cu3d

x2�y2
–O2px;y

antibonding orbitals in the cuprates. Many theore-
tical proposals are based on itinerant approaches [17–20] with the
emphasis on the important role played by various magnetic
fluctuations, while some conjectures are also made from the side
of large-spin Mott insulators [21].

The LDA calculations [14,15] have found an energetically robust

SDW state at the antiferromagnetic (AF) momentum Q ¼ ðp;pÞ
with a large Fe moment �2:3mB per site, but experimentally only
a weak SDW ordering with a different magnetic momentum
Q s ¼ ðp;0Þ, which further doubles the unit cell of the former SDW

state composed of two Fe per cell, has been identified [7,8] in the
undoped case. The latter SDW (called stripe type below) was
predicted by the first principle band structure calculation [6] due
to the nesting Fermi surfaces of the hole and electron pockets,
which is much more ‘‘fragile’’ and easily destroyed as the doped
electrons fill up the small hole pockets at small doping.

In this paper, we will make a very simple proposal by assuming
that the SDW state with an AF momentum Q remains strong
locally in both the undoped and small doped regime.
The corresponding profile of the electron density of states is
schematically illustrated in Fig. 1. Based on this minimal model,
we can show that the long-range part of this SDW is actually
generically unstable, by coupling to the charge carriers near the
Fermi level. Such instability can result in a weak stripe-type SDW
order in the undoped case where the nesting Fermi surfaces are
present, and naturally a superconducting condensation when the
former is destroyed at small doping. In this whole regime,
however, the local order of such an SDW remains robust to
‘‘protect’’ the low-energy physics, which resembles the role of the
‘‘Mott gap’’ in the cuprate superconductors [22].

2. Minimal model

In our model Hamiltonian Heff ¼ Hband þ HI, the first term is a
tight-binding model

Hband ¼ �
X

ij;a;b;s
ta;b

ij cyiascjbs (1)
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which describes the electron effective hoppings between the
d-orbitals of the Fe ions on square lattice (Fig. 2(a)) at the nearest
neighboring (NN) and next nearest neighboring (NNN) sites,
including intra- and inter-orbital hoppings with the superscripts
a; b specifying the orbitals. There have been several proposals
[14,16,19,20] for Hband based on the LDA calculations in order to
capture the relevant bands near the Fermi energy.

The second term HI reflects the effective influence of the
Coulomb interaction on the d-electrons, which includes the on-
site and NN repulsions as well as the Hund’s rule ferromagnetic
coupling, and has the following ‘‘mean-field’’ look:

HI ¼ �
X
i;a

Mia � Sia (2)

where Mia denotes an effective SDW mean-field felt by the
electron spin Sia of the orbital a at site i: In an SDW ordered state,
one would have Mia /

P
bðaaÞJ

a;b
H hSibi þ UahSiai, where Ja;b

H is the
Hund’s rule coupling constant and Ua is the on-site repulsion. We
shall make the following ansatz:

Mia ¼ Mað�1Þini (3)

where a single unit vector ð�1Þini will describe the true
polarization direction of Mia. Here the staggered factor ð�1Þi is
introduced such that ni ¼ n̂ will correspond to a true AF order, but
in a general case ni will not be fixed around a particular direction

as only the relative change Dani � niþâ � ni (â ¼ x̂; ŷ) will enter
the Hamiltonian as shown below.

The local SDW field Ma will be assumed large according to the
LDA calculation [14,15] with the magnetization at different
orbitals tightly aligned together by the Hund’s coupling. Under
this assumption, the long-wavelength, low-energy fluctuations of
ni may be treated as an independent degree of freedom. ni will be
self-consistently determined by coupling to the electrons near the
Fermi level in Heff .

3. Effective theory

One may redefine ni as the new ẑ-axis for the spin index of the
electron spinor operator:

ĉia ¼ Uiâia (4)

with â
y

ia ¼ ðâ
y

ia;"; â
y

ia;#Þ by an SU(2) rotation

Uyi ni � r̂Ui ¼ ŝz (5)

Then HI simply reduces to

HI ¼ �
X
i;a

Mað�1ÞiSz
ia (6)

while Hband becomes

Hband ¼ �
X
ij;a;b

ta;b
ij â
y

iaðU
y

i UjÞâjb (7)

We may further rewrite

Heff ¼ H0 þ H1 (8)

where H0 � HI þ Hband½U
y

i Uj ¼ 1� is simply an SDW mean-field
Hamiltonian for the multibands, which can be diagonalized as

H0 ¼
X
k;a

xaþ
k ðâ

y

kaâka þ b̂
y

kab̂kaÞ

�
X
k;a

Ea
kðâ
y

kaâka � b̂
y

kab̂kaÞ þ const. (9)

by a canonical transformation âka ¼ ua
kâka � va

kŝzb̂ka, âkþQa ¼

va
kŝzâka þ ua

kb̂ka with ua
k ¼ ½ð1� xa�

k =Ea
kÞ=2�1=2, va

k ¼ ½ð1þ xa�
k =

Ea
kÞ=2�1=2. Here xa�

k � ð�
a
k � �

a
kþQ Þ=2 and

Ea
k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxa�

k Þ
2
þ ðMa=2Þ2

q
(10)

where �a
k denotes the bare spectrum determined by (1) (setting

the chemical potential m ¼ 0). Note that the band label a here can
be different from the original orbital label in (1) because of the
mixture of orbitals, and in obtaining (10), the same Ma is assumed
for the mixed orbitals. Here k is defined in the magnetic Brillouin
zone (BZ) with the magnetic momentum Q ¼ ðp;pÞ, which
coincides with the BZ of two irons per unit cell (Fig. 2(b)).

Now let us consider the term with Uyi Uja1:

H1 ¼ �
X
ij;a;b

ta;b
ij â
y

iaðU
y

i Uj � 1Þâjb (11)

We shall focus on the case in which the a-bands are all filled up by
the electrons, and the Fermi energy is located in some of b-bands,
which corresponds to both the undoped and electron-doped
(or slightly hole-doped) situations as illustrated in Fig. 1. After
integrating out the a-bands and by assuming Dani is small, H1

may be simplified [23] (at large Ma) to

H1 ’
1

2

X
k;q;s
r�k � ðDqÞs;�sð�ykþq þ sȳkþqÞb

y

kþq;sbk;�s

þH:c:þ
Jeff

8

X
i

ðDniÞ
2 (12)
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Fig. 1. (color online) Schematic profile of the density of states near the Fermi

energy in the presence of the local SDW mean-fields Ma and Mb , which decide the

‘‘charge gaps’’ for the a-orbital and b-orbital bands according to H0 (9). The lower

half of each band (the so-called a-band, see text) is assumed below the Fermi

energy EF and is filled, while the upper half (the b-band) is only partially filled.

Here a-bands refer to the bands passing the Fermi level, which are more dxy , dxz , dyz

like, and b-bands are more of dx2�y2 character according to the LDA result [14,15].

Fig. 2. (color online) (a) The iron atoms form a square lattice with the dashed

diamond denoting the unit cell of the SDW order state with magnetic momentum

Q . (b) The magnetic Brillouin zone (BZ) is illustrated by the dashed diamond

shape. Two circles at the G and M points are hole and electron pockets connected

by a momentum Q s . The smaller square is a reduced BZ corresponding to an

enlarged unit cell indicated by the largest square in (a).
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