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Abstract

An integrated computational approach is proposed for evaluating the lattice misfit between � and �′ in Ni-base superalloys by combining
first-principles calculations, existing experimental data and phenomenological modeling. In particular, the lattice misfits in Ni–Al and Ni–Al–Mo
alloys were studied. This approach is validated by comparing the calculated lattice misfit with available experimental measurements as well as by
comparing the predicted �′ precipitate morphologies from phase-field simulations with experimental observations.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The L12 ordered precipitate �′ coherently embedded in the fcc
matrix � is the primary strengthening phase in Ni-base superal-
loy. Its morphology plays an important role in high-temperature
properties of nickel-base superalloys. It has been shown that one
of the critical factors that control the morphology of coherent �′
precipitates is the magnitude and sign of the stress-free lattice
misfit between � and �′. The lattice misfit is calculated from the
stress-free lattice parameters of the � and �′ phases, which are
typically measured by X-ray diffraction method (XRD) [1] or
convergent beam electron diffraction method (CBED) [2]. The
results are very sensitive to the details of alloy processing [3], and
the incoherent and equilibrium conditions must be satisfied for a
measurement in a multi-phase mixture. Consequently, the results
of lattice misfit from different reports are usually very scattered,
especially for nickel-base superalloys where the lattice parame-
ters of � and �′ are close to each other. The problem of scattered
experimental data is even more serious for multi-component sys-
tems. The main objective of this work is to develop an integrated
computational approach by combining first-principles calcula-
tions and phenomenological modeling. In particular, we applied
this approach to obtaining the lattice misfit in both Ni–Al binary
and Ni–Al–Mo ternary alloys as Mo is one of most common
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species in Ni-base superalloys. The lattice misfit, is then used
in our phase-field simulations to predict the morphology of �′
precipitates as a function of Mo composition.

2. Methodology

2.1. Lattice parameters of pure metals and ordered
compounds

In the last decade, first-principles calculations have been
extensively used to obtain the formation energies, band struc-
tures and lattice parameters of pure metals and compounds,
which are particularly valuable for cases where experimental
data are not available. In the present work, the first-principle
calculations of lattice parameters in the Ni-superalloy system
are performed using the Vienna ab initio simulation package
VASP 4.6 [4]. The total energy of a system is minimized with
respect to both the volume and shape of a computational cell and
the atom positions within the cell. In the present calculations, the
ultrasoft pseudopotentials and the generalized gradient approxi-
mation (GGA) [5] are adopted. It has been generally known that
GGA partially corrects the overbinding problem of the local den-
sity approximation (LDA) [6], and thus improves the predictions
for the equilibrium volumes [7,8]. The set of k points is chosen
according to the size of the computational cell, and a 4 × 4 × 4
k-point mesh is selected for the supercell used in the present
calculations. The energy cutoff is determined by the choice of
“high accuracy” in VASP, and set to be 314 eV in calculations
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Table 1
Lattice parameters of ordered and disordered phases

a0 (Å) �aT = bT + cT2 (Å)

Calculated (0 K) Experimental (298 K) [3] b (Å/K) [11] c (Å/K2) [11]

�(Ni) 3.532 3.523 5.741 × 10−5 −1.010 × 10−9

�′(Ni3Al) 3.573 3.552–3.589 6.162 × 10−5 −1.132 × 10−8

for Ni–Al–Mo alloys. For a detailed description of the technical
features and the computational procedure of the VASP calcula-
tions we refer to the VASP’s manual [9]. The calculated lattice
parameters of pure Ni and Ni3Al compound (a0) are compared
with the experimental data in Table 1.

To predict the lattice parameters at finite temperatures, ther-
mal expansion information is required. It can be determined
experimentally (e.g. diffraction measurements) or theoretically
(e.g. first-principles linear-response theory) [10]. However, there
is still about a 10% uncertainty in the thermal expansion coeffi-
cients obtained from the theoretical calculations due to various
assumptions and approximations [10]. Such an uncertainty can
lead to an error of ∼0.0035 in the misfit between � and �′ in
nickel-base superalloys at 1000 K. This error is significant since
the measured lattice misfit in Ni–Al binary alloys is only about
0.004 at 1000 K [3]. Therefore, we still relied on experimental
data for the thermal expansion coefficients of � and �′. In par-
ticular, we used those values reported by Kamara et al. [11] who
described the temperature effect (�aT) by a quadratic function
of temperature:

�aT = bT + cT 2 (1)

where b and c are constants (see Table 1).

2.2. Effect of chemical disordering

In the Ni–Al binary system, �′ has an ordered fcc structure
with two sublattices. One sublattice is made up of face-centered
sites occupied mostly by Ni atoms (Ni site), and the other sublat-
tice consists of fcc corner sites occupied mostly by Al atoms (Al
site). The degree of chemical order in �′ decreases with temper-
ature increasing by mean of anti-sites, i.e. Ni atoms go to Al site
and Al atoms go to Ni site. The off-stoichiometry of �′ is also
realized by anti-site atoms. In multi-component systems, vari-
ous solute species are also expected to have random distributions
over the two sublattices although the amounts of a given species
are typically different in the two sublattices. These chemical dis-
orders (due to the changes in composition and temperature) lead
to the changes in the lattice parameters. If these types of chemical
disorders are relatively small, we can approximate their effect
on lattice parameter (�aC) using a linear combination:

�aC =
∑

s

∑

i

ks
i y

s
i (2)

where s indicates different sublattices, ys
i is the atomic fraction

of element i in sublattice s, and ks
i is the coefficient representing

the effect of i in the s sublattice.

� has a disordered fcc structure, where both sites are equiv-
alent, and all atoms are in random mixing. We can still use
Eq. (2) to describe the composition effect on the lattice param-
eter change of �, and the site fractions yi here are same for
all sublattices and equal to xi, the atomic fractions in the �
phase.

In this work, we determine ks
i by using first-principles super-

cell calculations. Each supercell contains one solute or anti-site
in a given sublattice. ks

i is then calculated using the following
equation:

ks
i = N(ai − a0) (3)

where a0 presents the calculated lattice parameter for pure Ni or
the completely ordered cell, ai is the calculated lattice parame-
ter of the supercell containing one i atom in sublattice s, and
N is the total number of atoms in the supercell. In all cal-
culations, the total number of atoms is 108. The determined
linear coefficients of solute or anti-site elements are presented in
Table 2.

2.3. Lattice misfit

The dependences of lattice parameters of �(a�) and �′(a�′ )
on temperature and compositions are described by the following
equation:

a�,�′ = a0 + �aT + �aC = a0 + bT + cT 2 +
∑

s

∑

i

ks
i y

s
i (4)

For any given temperature T and composition xi, the site frac-
tions in each phase can be obtained from the thermodynamic
databases by Dupin et al. [12] for Ni–Al and Zhou et al. [13] for
Ni–Al–Mo. The lattice misfit (δ) between � and �′ can then be
calculated from its definition, i.e.:

δ = a�′ − a�

a�
(5)

Table 2
Linear coefficients of solute or anti-site elements in the � and �′ phases (in
Å/at.%)

i � �′

kI
i kI

i kII
i

Ni 0 0 −0.044
Al 0.159 1.077 0
Mo 0.405 0.819 0.042
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