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a b s t r a c t

In the framework of the Eliashberg formalism, the properties of the superconducting state inducing in
yttrium for the pressure at p1 � 26 GPa and p2 � 31 GPa ð½TC �p1 ¼ 7:9 K and ½TC �p2 ¼ 9:27 KÞ have been
determined. It has been proven that the value of the Coulomb pseudopotential is high and increases with
the increasing pressure: ½μ⋆�p1 ¼ 0:181 and ½μ⋆�p2 ¼ 0:251. Next, the order parameter ðΔðTÞÞ, the
thermodynamic critical field ðHC ðTÞÞ, the specific heat in the superconducting state ðCSðTÞÞ, and the
specific heat in the normal state ðCNðTÞÞ have been calculated. It has been proven that the values of the

dimensionless parameters RΔ � 2Δð0Þ
kBTC

;RC � CSðTC Þ�CN ðTC Þ
CN ðTC Þ

, and RH � TCC
N ðTC Þ

H2
C ð0Þ

significantly deviate from the

predictions of the classical BCS theory: RΔAf3:97;4:13g;RCAf2:16;2:41g, and RHAf0:153;0:152g. The
electron effective mass is high for both pressures ½m⋆

e �T ¼ TC
p1

¼ 2:16me and ½m⋆
e �T ¼ TC

p2
¼ 2:64me, where the

symbol me denotes the electron band mass.
& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The superconducting state induced by the electron–phonon
interaction is usually characterized by a relatively low value of the
critical temperature (TC) [1–3].

One of the few exceptions is the compound MgB2 with the
critical temperature equal to 39 K [4]. However, this is the system
with a very unusual form of the electron–phonon interaction,
which is characterized by high anisotropy [5,6].

In addition to the superconductors with the electron–phonon
pairing mechanism, a special attention should be paid to the
systems discovered in 1986 (the so-called cuprates) [7]. It turns
out that these compounds may go into the superconducting state
at the surprisingly high temperature. For example, for
HgBa2Ca2Cu3O8þy it was obtained: TC ¼ 164 K, wherein the value
of the external pressure (p) was equal to 31 GPa [8]. Unfortunately,
despite very serious efforts made so far, all trials to raise the
critical temperature in this group of materials have failed.

Note that in the case of cuprates there is no generally acceptable
theory to explain the mechanism responsible for the formation of the
superconducting condensate. Most researchers emphasize the impor-
tance of the strong electron correlations [9]. However, some of them
pay attention to the role of the electron–phonon interaction [10–15].

The problems associated with the increase in the value of TC in
cuprates have led to a renewed interest in the electron–phonon
superconductors. In particular, it has been noticed that the
electron–phonon interaction can be a very efficient pairing
mechanism for the systems, which are exposed to the influence
of high pressure.

Performed theoretical calculations show that the highest value
of TC (comparable to the room temperature) in the group of the
high-temperature superconductors can be obtained for the super-
conducting state inducing in metallic hydrogen [16–20].

In 2004, it was further suggested [21] that the high-
temperature superconducting state will also be present in the
compounds rich in hydrogen [22–26].

Recently, the latest experimental data have confirmed the results
of the long lasting theoretical research. In December 2014, the
discovery of the superconducting condensate with the extremely
high critical values of the critical temperature in H2S and H3S was
announced [27]. In particular, for the compound H2S (in the range of
the pressures from 115 GPa to 200 GPa) the critical temperature
increases from 31 K to 150 K. In the case of H3S, the critical
temperature can be even higher: TC ¼ 190 K for p4150 GPa.

Very interesting results have also been obtained for the super-
conducting state inducing in the pure elements exposed to the
influence of high pressure. It turned out that the value of the
coupling constant for the electron–phonon interaction can sig-
nificantly increase with the increasing p, which entails a sign-
ificant increase in TC. In particular, the highest values of the criti-
cal temperature have been obtained for calcium (TC ¼ 29 K,
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p¼216 GPa [28,29]), yttrium (TC ¼ 19:5 K, p¼115 GPa [30,31]),
sulfur (TC ¼ 17:3 K, p¼160 GPa [32,33]), and lithium (TC ¼ 14 K,
p¼30 GPa [34,35]).

In the presented study, we have analyzed the high-pressure
superconducting state inducing in yttrium.

It is worth noting that yttrium exposed to the ambient pressure
does not go into the superconducting state ðT46 mKÞ [36],
because it has not got a sufficient number of d electrons in the
conduction band. The more d electrons a given conduction band
has the higher density of states and the more likely it is to support
the superconductivity. The application of pressure increases the
number of d electrons in a band by s-d transfer [37]. The
condensate of the Cooper pairs can be achieved only above the
pressure at 11 GPa ðTC � 1:3 KÞ [38]. The critical temperature
increases with the increasing pressure ðdTC=dp� 0:35 K=GPaÞ,
reaching the value of � 9 K at � 30 GPa. The studies conducted
in the works [30,31] prove that the increase of the pressure to
115 GPa causes a further increase in TC to the value of 19.5 K.

The value of the coupling constant of the electron–phonon
interaction in yttrium in the pressure range from 5 GPa to 31 GPa
(the structure Fm3m ðno: 225Þ) has been analyzed in the work
[39]. It has been shown that the interaction of the electron gas
with the vibrations of the crystal lattice is relatively poor for the
lower p. Note that from the theoretical point of view, the obtained
result has displayed a possibility of the BCS theory to describe the
thermodynamic properties of the superconducting state [40,41].

The situation is quite different for the higher pressures analyzed in
the presented study ðp1 ¼ 26 GPa and p2 ¼ 31 GPaÞ, where the
strong-coupling effects are significant. In the cases under considera-
tion, the advanced Eliashberg formalism should be used [3].

2. The model

The Eliashberg equations on the imaginary axis ði�
ffiffiffiffiffiffiffiffi
�1

p
Þ take

the following form [42]:

ϕn ¼
π
β

XM
m ¼ �M

λðiωn� iωmÞ�μ⋆θðωc�jωm j Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2

mZ
2
mþϕ2

m

q ϕm; ð1Þ

Zn ¼ 1þ 1
ωn

π
β

XM
m ¼ �M

λðiωn� iωmÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2

mZ
2
mþϕ2

m

q ωmZm; ð2Þ

where the symbols ϕn �ϕðiωnÞ and Zn � ZðiωnÞ denote the order
parameter function and the wave function renormalization factor,
respectively. The symbol ωn � ðπ=βÞð2n�1Þ represents the n-th
Matsubara frequency and β� ðkBTÞ�1 (kB is the Boltzmann con-
stant). The order parameter is defined in the following way:
Δn �ϕn=Zn.

The electron–phonon pairing kernel is given by

λðzÞ � 2
Z Ωmax

0
dΩ

Ω

Ω2�z2
α2FðΩÞ; ð3Þ

where α2FðΩÞ is the Eliashberg function, which models the electron–
phonon interaction. In the case of yttrium, the Eliashberg functions for
the pressures p1 and p2 have been determined in the work [39]. The ab
initio calculations have been conducted with the help of the QUANTUM-
ESPRESSO package [43]. The maximum phonon frequencies are respec-
tively ½Ωmax�p1 ¼ 26:42 meV and ½Ωmax�p2 ¼ 27:86 meV.

The depairing electron correlations are parameterized by the
Coulomb pseudopotential ðμ⋆Þ. The symbol θ denotes the Heavi-
side unit function, ωc is the cut-off energy and ωc ¼ 5Ωmax.

The Eliashberg equations have been solved for 2201 Matsubara
frequencies (M¼1100). The methods presented in the works [44–
47] have been used in the present calculations.

The solutions of the Eliashberg equations are stable for
T0Z1 K.

3. Results

The physical values of the Coulomb pseudopotential have been
determined in the first step: ½μ⋆�p1 ¼ 0:181 and ½μ⋆�p2 ¼ 0:251,
whereas the following condition has been used: ½Δm ¼ 1ðμ⋆Þ�T ¼
TC ¼ 0 (see also Fig. 1). The calculations have assumed the experi-
mental values of the critical temperature of respectively ½TC �p1 ¼ 7:9 K
and ½TC �p2 ¼ 9:27 K [36].

The obtained results show that the values of the parameter μ⋆

are relatively high and continue to rise with the increasing
pressure. From the physical standpoint, this means that the
depairing electron correlations cannot be ignored in the quantita-
tive analysis of the thermodynamic properties of the supercon-
ducting state inducing in yttrium.

Fig. 2(A)–(B) presents the form of the order parameter on the
imaginary axis for the selected values of temperature. It can be
seen that the maximum value of the function Δm is taken for m¼1.

The temperature dependence of the order parameter is con-
venient to be traced by plotting the curve Δm ¼ 1ðTÞ (Fig. 2 (C)).

In the case of yttrium, the obtained numerical data can be
reproduced by the formula

Δm ¼ 1ðTÞ ¼Δm ¼ 1ðT0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� T

TC

� �κ
s

; ð4Þ

where ½Δm ¼ 1ðT0Þ�p1 ¼ 1:34 meV, ½Δm ¼ 1ðT0Þ�p2 ¼ 1:64 meV, and
κ ¼ 3:85.

Note that the values of the function Δm ¼ 1ðTÞ cannot be properly
set within the framework of the BCS theory, as ½κ�BCS ¼ 3 [48].

The form of the wave function renormalization factor on the
imaginary axis is shown in Fig. 3(A) and (B). Just as it was in the
case of the order parameter, the function Zm takes the highest
value for m¼1.

On the other hand, the effect of temperature on Zm ¼ 1 is rather
negligible, which was presented in Fig. 3(C). However, throughout the
analyzed temperature range, the wave function renormalization
factor assumes high values. Suffice it to note that the BCS theory
predicts Zm ¼ 1.

From the physical side, the high values of the function Zm ¼ 1ðTÞ
are related to the significant strong-coupling effects appearing in
yttrium. These effects can be modeled by the electron–phonon
coupling constant, which for the analyzed pressure is adequately
equal to ½λ�p1 ¼ 1:08 and ½λ�p2 ¼ 1:64. Note that the quantity λ
should be calculated using the formula: λ� 2

R þ1
0 dΩα2ðΩÞFðΩÞ

Ω .
In the last step, it can be noted that the numerical results

obtained for the wave function renormalization factor can be

Fig. 1. (Color online) The dependence of the maximum value of the order
parameter on the Coulomb pseudopotential.
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