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Abstract: Band gaps of elastic waves in 1-D phononic crystals with imperfect interfaces were studied. By using the transfer matrix

method (TMM) and the Bloch wave theory in the periodic structure, the dispersion equation was derived for the periodically lami-

nated binary system with imperfect interfaces (the traction vector jumps or the displacement vector jumps). The dispersion equation

was solved numerically and wave band gaps were obtained in the Brillouin zone. Band gaps in the case of imperfect interfaces were

compared with that in the case of perfect interfaces. The influence of imperfect interfaces on wave band gaps and some interesting

phenomena were discussed.
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1. Introduction

Phononic crystals, also called acoustic band gap
materials, are composite elastic media constituted of
periodic repetitions of different solids. The acoustic
band gap is one of important properties of phononic
crystals. When composite incident waves with various
frequencies run into the phononic crystal, the waves
with frequency falling into the pass band can propa-
gate through the phononic crystal but the waves with
frequency falling into the forbidden band can not
propagate through. The filtering property of phononic
crystals is why it is called acoustic band gap materials.
The potential application of the band gap property in
civil and military engineering makes the phononic
crystal receive more and more attention in the past ten
years [1-7]. It is noted that most of these studies on
phononic crystals focused on two aspects. One is the
calculation method of band gaps. The other is the
forming mechanism of band gaps. In addition, in order
to design the desired acoustic band gap, the effect of
the topology structure of composites and the contrast
of material constants were also investigated exten-
sively [1-2]. The main methods studying phononic
crystals at present include the transfer matrix method
[6-7], the plane wave expansion method [3], the finite
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time domain difference method [4], and the multiple
scattering method [5]. For one dimensional phononic
crystals, the transfer matrix method was usually used
due to the laminated feature. The interface in compos-
ite materials plays an important role. The interacting
of waves and interfaces can influence the wave
propagation in a composite material evidently. When
the transfer matrix was derived, the continuous condi-
tion of displacement vector and traction vector across
the interface was usually used. This means the inter-
face is perfect, namely, the joint is fast, which ensures
both displacement and traction are continuous across
the interface [8-11]. However, the joint between two
different solids is often not so fast due to various dam-
ages and defects in actual situation [12]. The influence
of imperfect interfaces on band gaps is not investi-
gated up to now. In this paper, imperfect interfaces,
namely, the displacement or the traction vector jumps
across the interfaces, are considered. The influence of
imperfect interfaces on wave bands and band gaps is
discussed based on the comparison of numerical re-
sults obtained from perfect interfaces and imperfect
interfaces. The feature of phononic crystals with im-
perfect interfaces is also investigated.

2. Transfer matrix in the case of perfect
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interfaces

Consider a one-dimensional phononic crystal of
laminated structure formed by periodic repetition of
two different solids, see Fig. 1. The x axis is perpen-
dicular to the planar interface of two solids and the yoz
coordinate plane is parallel to the planar interface. The
thicknesses of two solids are a; and a,, respectively.
The elastic constants and mass densities of two iso-
tropic solids are denoted by 4, 4 and g (=1, 2), re-
spectively.

y /A /B

a, d,

Fig. 1. One dimensional phononic crystal of periodic
laminated structure.

For a homogenous, isotropic and linear elastic solid,
the motion equation is

(A+2)V(V-u)— 1V xV xu= pii @)

The plane wave propagating along the x axis direc-
tion, namely, normal incident wave, can be written as

u(r,t)=u(r)e'” =u(x)ée' ()
Inserting Eq. (2) into Eq. (1) leads to

82
6x( )+k2 (x)=0 3)
The solution of Eq. (3) is

u(x) =A™ + Aye 4)
Therefore, the stress can be obtained by
:ipczk(Ale”‘" —Aze’i"") ©)
For incident SH wave,

k=kt=a)/ct 5 Ct=\/,u/,0 >

u(x)=u.(x), é=eé.,
oc=0,= %
xz /uﬁx .

For incident P wave,

u(x)=u(x),
¢ :,l(/l+2/1)/p , O=0y =(/1+2,u)2—z.

A perfect interface means the displacement and the
traction vectors are continuous along the normal and
tangent direction of the planar interface. The boundary

ézéx, k=k1:CD/C|,

condition on the interface can be written as
[t]=0, [u]=0 (6)

where [] denotes the jump across interface,

[t]=¢*—¢" denotes the traction vector jump, and
[u]=u*—u~ denotes the displacement vector jump.
t*, t, u* and u- denote the displacement and
traction vectors on both sides of the interface, respec-
tively. The component form of Eq. (6) can be written

as
0 _ 0
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R = s‘lL

where s =x,z. Subscript 1 and 2 denote two different

solids (solid A and solid B). Subscript L. and R denote
the left and right surfaces of each solid. A composite
layer constituted of solid A and solid B is called an
element layer and is denoted by i (=1, 2,--, n). Solid
A and solid B is called sub-layer (denoted by j(j=1, 2))
of an element layer. The state vector of the left or right
surface of each sub-layer is defined as

g (a0, )
(for SH wave),
0l 00, )
) {u 7 IL} (for P wave) (®)
{” l JR> xic JR

State vectors of the left and right surface of the
same sub-layer are related by

VR =Ty ©)
where T is the transfer matrix of a sub-layer:

cos(k;a;)

B sin(k ja /a)p/
~Lepje;sin(kja;)

COS(k]a‘/) (1o

State vectors of the same surface of adjacent ele-
ment layers are related by

() — (D)
Vi =TV; (1)
where T; is the transfer matrix of an element layer.
For perfect interface, it can be written as
T, =TT, (12)
3. Transfer matrix in the case of imperfect
interfaces

For the imperfect interface, the displacement and
the traction vectors do not satisfy the continuous con-
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