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Surface roughness is really important to the ultra-low loss of multilayer optical coatings. Reflectance and
transmittance model for multilayer optical coatings with surface roughness has been established at normal
incidence by A. V. Tikhonravov et al. in 2003. However, under the condition of oblique incidence, no further
model which is based on the model of Tikhonravov has ever been reported. In this paper, an approximate
reflectance and transmittance model is established for the thin film systemwith roughness at oblique incidence
by analogy and usage of the concept of equivalent refractive index. The small-scale roughness model's
effectiveness has been theoretically demonstrated according to the effective medium theory. However, the
large-scale roughnessmodel's effectiveness needs othermethods to be proved, as the scattering effect of different
scale roughness is different. This model might play a significant role to research the scattering loss of oblique
incident thin film systems, such as mirrors in ring lasers, deep ultraviolet lasers and interferometers with ultra
long cavity length.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

In the optics of thin film, it is generally assumed in layer system
analysis that the interfaces and surfaces of layers are ideallyflat surfaces.
However, actually any thin film has certain surface roughness. In some
applications, this roughness has a very important influence on its optical
characteristics, such as deep-ultraviolet sculpture [1], ring lasers [2],
gravitational wave detectors [3], etc. Therefore, it is important to estab-
lish a theoretical analysis model of multilayer optical characteristics
when considering surface roughness.

Roughness surface is usually described by root mean square (RMS)
roughness and power spectral density function [4–8]. The former ignores
the characteristic of surface spatial wavelength, and the latter is difficult
for recurrent computation to be expanded to multilayer system. Consid-
ering these, based on the different scattering effect mechanism between
surface roughness of different spatial wavelength, Tikhonravov [9] pro-
posed the concept of large and small scale RMS roughness, expanded
rough surface single-layer optical characteristics calculation model to
multilayer system, and had the model embedded in Optilayer software.
There is a possibility in Optilayer software to use “interlayers” instead
of interface roughness. However, it is only verified to be suitable for the
situation of normal incidence, and the equivalent thickness and refractive
index of interlayers might change for different angle of incidence, which
has not been verified by Tikhonravov. Moreover, Tikhonravov et al. only

numerically prove the effectiveness of the model, and there has no strict
theoretical verification of the model.

This paper is divided into five sections. In Section 2, based on the
concept of large and small scale RMS roughness, the oblique incidence
multilayer reflectance and transmittance theoretical model is obtained
by analogy and transfer matrix method, when considering surface
roughness. In Section 3, the convergence of the model under extreme
conditions is proved from two aspects, incidence angle and surface
roughness. Finally, adopting multilayer approximate method which is
based on effective medium theory, Section 4 makes strict theoretical
verification to prove the effectiveness of the small-scale roughness
model proposed in this paper, with the conclusions given in Section 5.

2. Model description

2.1. The concept of transfer matrix

After years of experimental test and theoretical work, the approxima-
tion calculation formula of single-layer's optical characteristics has been
established, when considering surface roughness. However, the formula
ofmultilayer's optical characteristics has seldombeen researched. There-
fore, how to transfer single-layer's optical characteristics to multilayer's
optical characteristics appears particularly important. Because transfer
matrix method [10] can easily expand single-layer's optical characteris-
tics to multilayer's optical characteristics, which is very suitable for the
strict deduction ofmultilayer calculationmodelwhen there is surface im-
perfection, we adopt transfer matrix method to deduce the formula in
this paper. Generally only the condition of normal incidence is considered
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in the analysis of thin film system, but in the actual application, not all
conditions are ideally normal incidence. Therefore, we need to establish
amodel of the thin film system under the condition of oblique incidence.
Essentially, transfer matrix method transfers single-layer's optical char-
acteristics to entire multilayer's optical characteristics by step-by-step
transitive relation between layers and interfaces. The specific model is
described as follows:

The multilayer structure is shown in Fig. 1.
Where rj, tj(j=1, 2,…,m, s) are amplitude reflection and transmis-

sion coefficients of jth layer's upper surface, respectively, and m is the
multilayer system's number of layers, nj, dj(j = 1, 2, …, m, a, s) are re-
fractive indexes and thicknesses of jth layer. Here subscript a and s rep-
resent ambient environment and substrate, respectively. Furthermore,
δj(j=1, 2,⋯,m, a, s) are optical admittances of jth layer, and according
to effective refractive index concept, we know that:

δ j ¼
nj cosθ j; S−polarization
n j= cosθ j

; P−polarization

�
: ð1Þ

Here θj are transfer angles of jth layer.
In this multilayer structure, the roughness on surfaces and interfaces

might not only change the specular properties of layers, such as reflec-
tance and transmittance, but also produce diffuse scattering [11–13].
Therefore, we must also consider the possible influence of scattering
to multilayer system, and this will be discussed in Section 2.2.

Define the transfer matrix of the jth layer's upper surface as follows
[9]:

Bj ¼ 1=t j r j=t j
r j=t j 1=t j

� �
: ð2Þ

Define the transfer matrix of the jth layer's internal part as follows
[10]:

C j ¼ eiφ j 0
0 e−iφ j

� �
¼ eikn jd j cosθ j 0

0 e−ikn jd j cosθ j

� �
: ð3Þ

Here φj = knjdj cos θj are phase thicknesses of jth layer, k ¼ 2π
λ .

Define the transfer matrix of the total multilayer system as follows
[10]:

C ¼ 1=t r�=t�

r=t 1=t�

� �
: ð4Þ

Here r, t are total amplitude reflection and transmission coefficients
of multilayer surface, respectively, and r∗, t∗ represent complex conju-
gate of r, t.

Especially, define the transfer matrix of substrate's upper surface as
follows:

Bs ¼ 1=ts rs=ts
rs=ts 1=ts

� �
: ð5Þ

In a general case, as for the single-layer system,we know the expres-
sion C = B1C1Bs, which represents the transfer relation between
substrate's upper surface, layer's internal part and layer's upper surface.
We can expand it to the situation of multilayer system bymathematical
induction, according to transfer relation between layers, we obtain the
expression as follows [9]:

C ¼ BmCmBm−1Cm−1⋯B2C2B1C1Bs: ð6Þ

In order to calculate C, we need to know values of cos θj according to
Eq. (3). We know from Snell's law of refraction that:

na sinθa ¼ nm sinθm ¼ nm−1 sinθm−1 ¼ ⋯ ¼ n2 sinθ2 ¼ n1 sinθ1
¼ ns sinθs: ð7Þ

Then we can obtain values of cos θj from Eq. (7) that:

cosθ j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1‐

na sinθa
nj

� �2
s

j ¼ 1;2;…;mð Þ: ð8Þ

Especially, cosθs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1‐ na sinθa

ns

� 	2
r

, cosθa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1‐ sin2θa

q
.

Generally, nj, dj, λ, θa, ns, na (j=1, 2,…,m) are all known, therefore,
according to Eqs. (1)–(8), if wewant to calculate r, t, we only need to ob-
tain values of rj, tj, rs, ts (j=1, 2,…,m). Based on these, thenwe analyze
the calculation of rj, tj, rs, ts.

2.2. Single-layer's optical characteristics with large-scale and
small-scale roughness

From the transfermatrix model, we can see that if wewant to calcu-
late the total reflectance and transmittance of multilayer system, we
must deduce the calculation formula of rj, tj, rs, ts, which is also the big-
gest difference between themodel in this paper and Tikhonravov's nor-
mal incidence model. Then we deduce the calculation formula of
rj, tj, rs, ts as follows:

First of all, we want to introduce the definition of large-scale and
small-scale roughness. According to the relationship between surface
spatial wavelength and incident light wavelength, surface roughness
can be divided into large-scale roughness and small-scale roughness
[9].When surface spatial wavelength is bigger than incident lightwave-
length, we define surface roughness as large-scale roughness; when
surface spatial wavelength is smaller than incident light wavelength,
we define it as small-scale roughness. The scattering caused by large-
scale roughness will induce the loss of light energy; however, the scat-
tering caused by small-scale roughness will not induce the loss of light
energy [9]. Due to the difference of light energy's propagation charac-
teristic, the effect caused by large-scale and small-scale roughness is
different.

As we know, when we look at a surface with roughness from a large
incidence angle, the surface seems smoother than the normal incidence
situation, and with the increasing incidence angle, it is getting smooth-
er. In other words, the equivalent RMS roughness value becomes small-
er. However, this does not change the relationship between surface
spatial wavelength and incident light wavelength. Therefore, in this
paper, we assume that the incidence angle does not influence the
change of propagation modes.

Fig. 1. Schematic representation of m-layer structure with amplitude reflection and
transmission coefficients rm and tm, ambient environment and substrate refractive indexes
na and ns, layer thickness dm, and optical admittance δm.
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