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a b s t r a c t

Basic properties of radiation of a crystal lattice excited by an axial channeling particle are considered. It is
shown that a coherent radiation of atoms occurs if the frequency of oscillations of the channeled particle
comes to a resonance with the vibrational mode of the crystal. Spectral and angular distribution of radi-
ation and its polarization are calculated. In case of a relativistic channeled particle, the radiation of atoms
is generated into a narrow cone in the direction of a crystallographic axis along which the particle is
channeling. The radiation of atoms exited at axial channelling has significant degree of circular
polarization.

� 2015 Elsevier B.V. All rights reserved.

1. Introduction

We investigate a new kind of radiation that occurs at the axial
channeling of a charged particle in a crystal lattice. When channel-
ing around the crystalline axis, the charged particle transmits part
of its transverse momentum to the atoms of crystalline axis. This
excites vibration of the atoms in the axis which are therefore
involved in the collective motion. Oscillations of a nucleus with
interior electrons cause electromagnetic radiation. This phe-
nomenon is similar to the vibrational excitation of molecules and
respective radiation. The phases of atomic vibrations are correlated
because the vibrations are excited by the same channeled particle.
Therefore, the radiation produced is coherent.

Obviously, the considered radiation competes with radiation
caused by thermal oscillations of atoms in the lattice. However,
the fundamental difference from the thermal radiation is that the
considered oscillations are coherent, hence, the radiation is ampli-
fied in certain directions and at distinctive frequencies. Properties
of this type of radiation at the planar channeling of relativistic par-
ticles were investigated in recent papers [1,2].

The following sections discuss the properties of polarization,
spectral and angular distribution of radiation at axial channeling.
The calculations are made by use of classical mechanics and classi-
cal electrodynamics in assumption that the relativistic channeled
particle excites high levels of vibrational energy of atoms and the
distance between the energy levels is much less than the energy

of excitation. The relaxation of excitation due to emission of the
photons is described as exponential decrease of the amplitude of
oscillations. This relatively simple method makes it possible to
describe the general properties of radiation of the lattice atoms.
Of course, the calculations aimed at experimental investigations
of the phenomenon must be carried out by use of quantum
mechanical methods for specific structure of a crystal.

2. Spectral and angular distribution of the radiation

The trajectory of a charged particle at the axial channeling is a
rather complicated curve which resembles a precessing elliptical
orbit [3–5]. In order to have a possibility of analytical study of
the properties of radiation we define a spiral-shaped trajectory:

x ¼ Vt; y ¼ R cos Xt; z ¼ R sin Xt: ð1Þ

We assume that XR� V and the particle is ultrarelativistic one, so
that 1� V2=c2 � 1. The X-axis coincides with the crystallographic
axis.

It is shown in [1] that a relativistic particle with a charge e,
passing by the nucleus of an atom, transmits to it the momentum
p which is equal to p ¼ eq=ac, and it is directed along the line con-
necting the particle with the nucleus. Here q is the charge of the
nucleus, shielded by the inner electrons, a is the shortest distance
between the particle trajectory and the nucleus. As a result, the
particle excites oscillations of the atom according to the law

ya ¼ A cos v sinx0 t � xa

V

� �
; ð2Þ

za ¼ A sin v sinx0 t � xa

V

� �
; ð3Þ
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where A ¼ eq=mcx0R is the amplitude of oscillations, m is the mass
of the atom, x0 is the frequency of the exited vibrational mode, the
angle v ¼ Xxa=V determines the direction of oscillations of the atom
with coordinate xa ¼ const as shown in Fig. 1. The coordinate xa is
measured from the boundary of the crystal. Eqs. (2) and (3) are valid
for t P xa=V . Before that time ya ¼ za ¼ 0. The origin of the time
coordinate is chosen at the instance when the channeling particle
enters the crystal. We introduce now the attenuation coefficient a
in order to take into account the oscillation damping caused by
radiation and energy transfer to the neighbouring atoms, and write
the law of motion of the atom in the form

ya ¼ A cos
Xxa

V
f ðxa; tÞ;

za ¼ A sin
Xxa

V
f ðxa; tÞ;

f ðxa; tÞ ¼ sin x0 t � xa

V

� �
exp �a t � xa

V

� �h i
:

Let us find the Fourier expansion of the electric field of the
atomic radiation. We use the dipole approximation [6] since the
atom can be considered as a nonrelativistic one

Eðx; xaÞ ¼
1

rac2

Z 1

xa=V

€dðt0Þn
h i

n
h i

eixtdt; ð4Þ

where ra is distance from the atom to an observer, n is the unit vec-
tor in the direction of radiation, dðt0Þ is the dipole moment of the
atom at time t0 ¼ t � ra=c. We can put in the denominator of this
formula ra ¼ r, where r is the distance from the coordinate origin
to the observer. But we have to keep the coordinate of atom in t0,
in order to take properly into account the effects of coherence:
ra ¼ r � xanx.

The main part of atomic radiation lies at the frequencies close to
the vibrations frequency. The corresponding wavelength is much
greater than the distance between the neighbouring atoms.
Hence, addition of the fields generated by different atoms of the
crystallographic axis can be replaced by integration over xa:

EðxÞ ¼ 1
b

Z L

0
Eðx; xaÞdxa;

where b is the distance between atoms in the chain, L is the chan-
neling length of the particle. We present the result of integration
in the spherical coordinate system (r; #;/), with the polar angle #

measured from the X-axis, and the azimuthal angle / – from the
Y-axis

E/ðxÞ ¼ IðxÞðcos /þ in sin /Þ; ð5Þ
E#ðxÞ ¼ IðxÞ cos#ðsin /� in cos /Þ; ð6Þ

IðxÞ ¼
2qAx0 sin pNn x2

0 þ a2 � 2iax
� �

rcbX 1� n2� �
x2

0 �x2 þ a2 þ 2iax
� � :

Here N ¼ LX=2pV is the number of oscillations of the channeled
particle, which we assume to be an integer; n ¼ x=X0,
X0 ¼ X=ð1� b cos#Þ is the frequency of oscillations of the channel-
ing particle shifted by the Doppler effect; b ¼ V=c. Taking the square
of module of the last expressions and adding up the polarization
components, we obtain the energy dE, emitted into the solid angle
do in the frequency range dx

dEðxÞ
dodx

¼
q4e2 x2

0 þ a2
� �2 þ 4x2a2
h i

p2c3b2m2R2X2

sin2 pNn

ð1� n2Þ2

� n2 þ cos2 #þ ð1� n2Þ sin2
# cos2 /

x2
0 �x2 þ a2

� �2 þ 4a2x2
: ð7Þ

The coherence of this radiation is expressed by the factor

sin2 pNn=ð1� n2Þ2 which gives a narrow line in the emission spec-

trum with the intensity proportional to N2=b2 � L2=b2 that is pro-
portional to the square of the number of atoms involved in the
radiation process. Dependence on the angle / is due to the fact that
the particle makes a finite number of revolutions around the crys-
tallographic axis. Obviously, when N !1, the parameter n tends
to unity and radiation becomes axially symmetric. Near resonance
ðn ¼ 1Þ radiation is also axially symmetric.

Dependence of the emitted energy on the frequencies X0 and x
is of typical resonant character: if the coefficient of attenuation of
atomic oscillations vanishes (a! 0) then the energy of radiation at
a frequency x ¼ x0 tends to infinity. Thus, at a reasonably small a
the resonance occurs at x ¼ x0. Having in mind that the main part
of radiation is emitted in the vicinity of the frequency x ¼ X0, the
condition of resonant amplification of the radiation at angle # can
be written as the ratio between the frequency of exited vibrational
mode and the frequency of oscillation of the channeled particle:

X ¼ x0ð1� b cos#Þ: ð8Þ

This condition can be satisfied if the frequencies X and x0 satisfy
the inequalities x0ð1� bÞ 6 X 6 x0ð1þ bÞ. Note that the set of
oscillators, each being at rest, emits the radiation as if it is a moving
relativistic particle – the main part of radiation is directed forward
along the average velocity of the channeled particle in a narrow

cone of order
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

q
.

Fig. 2 shows the angular distribution of the radiation of the
atomic chain excited at axial channeling of a particle moving with
the velocity b ¼ 0:8 and frequency X ¼ x0=4.
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Fig. 2. The radiation pattern for three frequencies lying near the resonant
frequency: x ¼ x0 (1); x ¼ 1:1x0 (2); x ¼ 0:85x0 (3). N ¼ 10, a ¼ 0:1x0.

Fig. 1. Projection of the trajectory of a channeled particle on the plane XY. Vector p
is the momentum of the atom gained after interaction with the particle.
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