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a b s t r a c t

In atomic ionization by few-cycle laser pulses doubly differential momentum distributions near-thresh-
old exhibit a radial nodal structure that results from peaked partial-wave distributions near a particular
angular momentum. We analyze the doubly differential momentum distribution for different carrier-
envelope phases. We find that in the cases where the photoelectron reaches a minimum at threshold
the angular momentum distribution is very sensitive to the CEP since small variations of the ponderomo-
tive energy can lead to the opening or closing of a new channel.

� 2008 Elsevier B.V. All rights reserved.

1. Introduction

The interaction of few-cycle pulses with matter has attracted
considerable interest as shorter laser pulses have become avail-
able. Ultrashort pulses for which the pulse length s becomes
comparable to the optical period T lead to novel features of
laser–matter interactions, among them are the strong carrier-
envelope phase (CEP) dependence of excitation and ionization pro-
cesses [1–3]. Rudenko et al. [4] and Maharjan et al. [5] presented
fully two-dimensional momentum maps for laser-ionized elec-
trons for different rare gases. The near-threshold structures ob-
served have recently been semiclassically explained in terms of a
classical angular momentum distribution sharply peaked [6,7] near
the quantum number l0. Such distributions in the near-threshold
continuum result from the interplay between the laser and the
Coulomb fields [8,9]. The existence of subpeaks in the photoelec-
tron spectra of rare-gas atoms was explained by the rapidly chang-
ing ponderomotive potential in the short laser pulse [10]. The
effect of channel closing on the photoionization yield has been
extensively studied [11–13].

In the present work we study the CEP-dependence of the
momentum distributions of ejected electrons. We show that the
dominant angular momentum distribution near-threshold is sensi-
tive to variations in the CEP in the case that a new channel appears,
that is, when there is a minimum of the photoelectron spectrum

very close to threshold. Here, the CEP-dependence of the pondero-
motive energy leads to a CEP-dependence of the doubly differential
momentum distributions. Atomic units are used throughout.

2. Carrier-envelope phase dependent ponderomotive energy

We consider an atom interacting with a linearly polarized laser
field. Within the single active electron approximation the Hamilto-
nian is

H ¼
~p2

2
þ VðrÞ þ~r �~FðtÞ; ð1Þ

where ~p and ~r are the momentum and position of the electron,
respectively, VðrÞ is the atomic central potential, and~FðtÞ is the time
dependent external field, which we choose as

~FðtÞ ¼ F0 cos2 pt
s

� �
cosðxt þuCEÞẑ; �s=2 6 t 6 s=2; ð2Þ

and zero elsewhere. In Eq. (2), x is the laser carrier frequency, uCE is
the carrier-envelope phase, s is the total pulse duration, F0 is the
peak field and ẑ is the polarization direction.

The maximum field Fmax reached according to Eq. (2) depends
on the CEP for short pulses. For a cosine pulse, i.e. uCE ¼ 0; the
value of Fmax coincides with the peak field F0 while for any other
value of the CEP Fmax < F0. We define a CEP-dependent pondero-
motive energy related to the field maximum of the pulse as

UpðuCEÞ ¼
½FmaxðuCEÞ�

2

4x2 : ð3Þ
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The value of the CEP-dependent ponderomotive energy UpðuCEÞ
agrees with the usual definition of the ponderomotive energy
Up ¼ ðF0=2xÞ2 only when uCE ¼ 0. For other values of the CEP, the
ponderomotive energy is reduced, i.e. UpðuCEÞ 6 Up. The maximum
departure of UpðuCEÞ from the value Upð0Þ occurs for sine-like pulses
(uCE ¼ p=2). The magnitude of the difference of the ponderomotive
energy between a sine-like and a cosine-like peak DUp is

DUp ¼ Upð0Þ � Upðp=2Þ: ð4Þ

Below we will analyze how the variation of UpðuCEÞ affects the
dominant angular momentum and the doubly differential momen-
tum distribution near-threshold.

3. Quantum and classical electron dynamics

Angular momentum distribution have been explained by two
different ionization mechanisms: (i) A biased random walk model
assuming stochastic uncorrelated multiphoton processes [14] and
(ii) a quasiclassical tunneling ionization process [7] calculated
using classical-trajectory Monte-Carlo [15] simulations which
incorporate tunneling through the potential barrier (CTMC-T). In
(i), l0 can be viewed as the most probable value after a biased ran-
dom walk in momentum space assuming a stochastic uncorrelated
multiphoton process: one electron with orbital quantum number l
can absorb a photon and consequently undergoes a transition
l! lþ 1 with a probability pþ or a transition l! l� 1 with a prob-
ability p�; according to the dipole coupling.

In order to numerically solve the time dependent Schrödinger
equation (TDSE) we employ the generalized pseudo-spectral meth-
od [16]. The calculation of the 2D momentum distribution requires
projection of the wave function jwðs=2Þi after the conclusion of the
pulse onto outgoing continuum functions,

dP

d~k
¼ 1

4pk

X
l

eidlðkÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Plðcos hÞhk; ljwðs=2Þi

�����
�����
2

: ð5Þ

Here dlðkÞ is the momentum-dependent atomic phase shift, h is the
angle between~k and the polarization direction ẑ of the laser field, Pl

is the Legendre polynomial of degree l and j k; li is the eigenstate of
the free atomic Hamiltonian with positive eigenenergy E ¼ k2

=2 and
orbital quantum number l. For a rare-gas atom the atomic potential
can be modeled as the sum of the asymptotic Coulomb potential
plus a short-range potential that accounts for the departure from
the pure coulombic behavior near the nucleus due to the screening
by the other electrons [17]. In this case the atomic phase shift is the
sum of the Coulomb phase shift and the phase shift due to the
short-range potential [18], i.e. dlðkÞ ¼ dC

l ðkÞ þ dSR
l ðkÞ. The latter was

calculated numerically. The atom is assumed to be initially in its
ground state. Due to the cylindrical symmetry for a linearly polar-
ized laser field the magnetic quantum number remains conserved.

In Fig. 1 we show the angular distribution of the electron result-
ing from ionization of argon by a pulse of carrier frequency
x ¼ 0:057, peak field F0 ¼ 0:065, duration s ¼ 882 and uCE ¼ 0.
We have projected the state at the end of the pulse onto the outgo-
ing waves by using the atomic phase shift dlðkÞ and compare the re-
sults when only the Coulomb phase shift dC

l ðkÞ is used. Some
differences are observed indicating that the short-range core po-
tential has a modest influence on the angular distribution. How-
ever, the overall structure is maintained i.e. the number of
minima are the same. This is expected when the number of minima
is controlled by a single angular momentum quantum number l0,
which is given directly by the partial-wave content at the end of
the pulse without forming the coherent superposition (Eq. (5)).

A classical-trajectory Monte-Carlo method including tunnel ef-
fect (CTMC-T) [15,19,20] is employed to delineate the classical
properties of the ionization. The CTMC-T method excludes, because

of its classical nature, any true multiphoton absorption process.
The electron is allowed to tunnel through the potential barrier
whenever it reaches the outer turning point, with a tunneling
probability given by the WKB approximation. A typical electron
trajectory after tunneling shows a quiver motion along the polari-
zation of the laser field superimposed on a drift motion following
an approximate Kepler hyperbola with the same final angular
momentum [7]. As the angular momentum of the Kepler hyperbola
is identical to that of the asymptotic angular momentum L of the
laser-driven electron, we can identify the pericenter of the hyper-

bola with the quiver amplitude, a ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2

T þ ðkLÞ2
q

� ZTÞ=k2 with
a ¼ F0=x2 and ZT the asymptotic charge of the atomic potential,

L0 ¼ Lð0Þ ¼ ð2ZTaÞ1=2
: ð6Þ

Two limitations should be emphasized: firstly, the classical
expression does not consider dipole selection rules that may favor
even or odd l0; and secondly, L0 is a real number while l0 is integer.
Consequently, such semiclassical estimates have an intrinsic error
of l0 � 1.

4. Results

In Fig. 2 we show the two-dimensional momentum distribution
d2P

dkqdkz
¼ 2pkq

dP
d~k

� �
for photoionization of atomic hydrogen by a laser

pulse of peak field F0 ¼ 0:075, frequency x ¼ 0:05 and total dura-
tion s ¼ 1005, which comprises eight cycles. In Fig. 2(a) and (b) a
cosine-like (uCE ¼ 0) and a sine-like pulse (uCE ¼ p=2) are used,
respectively. Both frames in Fig. 2 display complex interference
patterns characterized by a transition from a ring-shaped pattern
at larger k with circular nodal lines to pronounced radial nodal
lines near-threshold resembling experimental results [4,5].

Differences between the photoionization due to cosine- and sine-
like pulses are clearly observed near-threshold. While the first ring
in Fig. 2(a) extends up to k ¼ 0:27 (E ¼ 0:036), in Fig. 2(b) a small ring
reaches k ¼ 0:15 (E ¼ 0:011). In this case, the difference of the pon-
deromotive energy between a cosine- and sine-like pulse is, accord-
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Fig. 1. Angular distribution of ejected electrons with energy E ¼ 0:01 in ionization
of argon by a laser of peak field F0 ¼ 0:065, frequency x ¼ 0:057, pulse duration
s ¼ 882 and CEP /CEP ¼ 0. Dashed (blue) line corresponds to calculations performed
with the Coulomb phase shift dC

l and solid (red) line corresponds to calculations
performed with the full atomic phase shift dl . (For interpretation of the references in
color in this figure legend, the reader is referred to the web version of this article.)
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