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a b s t r a c t

We analyzed the energy dependence of electron stopping powers (SPs) calculated for 41 elemental solids
from experimental optical data for electron energies between 100 eV and 30 keV. Our analysis was per-
formed with the Hill equation to represent a series of steps in plots of the slopes of Fano plots. The aver-
age root-mean-square difference between SPs from fits with an equation derived from the Hill equation
and the calculated SPs was 1.0%. The new equation can provide SPs over a wide energy range for Monte
Carlo simulations of electron transport with the continuous slowing-down approximation.

� 2008 Elsevier B.V. All rights reserved.

The electron stopping power (SP) is an important parameter in
the modeling of electron transport in solids for many applications
such as electron-probe microanalysis [1–3], Auger-electron spec-
troscopy [4] and dimensional metrology in the scanning electron
microscope [5–7]. In Monte Carlo simulations for these and other
applications, the continuous slowing-down approximation has of-
ten been utilized in which it is assumed that the electron energy is
a continuous function of the trajectory length in a material. This
approach is convenient because data for differential cross sections
as a function of energy loss are not required and because computa-
tion time is reduced if inelastic-scattering events are not individu-
ally simulated [4]. It is, however, necessary to know the
dependence of the SP on electron energy in solids over a wide en-
ergy range, typically 100 eV to 30 keV.

SPs for Monte Carlo simulations have often been determined
from the Bethe SP equation [8–10] and data for one material
parameter, the mean excitation energy [11]. This equation is ex-
pected to be valid for electron energies greater than about
10 keV or for energies much greater than the largest K-shell bind-
ing energy in the material of interest. SPs calculated from the Bethe
equation are available from a National Institute of Standards and

Technology (NIST) database for electron energies of 10 keV and
above [12]. Several empirical SP equations [13–15] have been
developed for energies less than 10 keV but their use is restricted
to materials for which needed parameters are known. Further-
more, it is difficult to adapt these equations to energies less than
several hundred eV. Although experimental determinations of
the SP over a range of energies are available for a limited number
of materials [16], different sets of data for a particular material can
disagree significantly.

Tanuma et al. [17,18] recently reported SPs for 41 elemental
solids over the 100 eV to 30 keV energy range that were calcu-
lated from experimental optical data using the Penn algorithm
[19]. Jablonski et al. [20] analyzed these results and proposed an
empirical predictive SP formula for the 200 eV to 30 keV energy
range.

We report a new analysis of the calculated SPs of Tanuma et al.
[17,18] and propose a new SP formula that can be applied over the
100 eV to 30 keV energy range. Our analysis of the SP energy
dependence for each solid was carried out using Fano plots
[21,22] in which the product of the SP, S and electron energy, E,
is plotted versus energy on a logarithmic scale.

The nonrelativistic Bethe SP equation is [8–10]

S ¼ 784:6Zq
EA

ln
1:166E

I

� �
ðin eV=ÅÞ; ð1Þ
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where Z is the atomic number, q is the density (in g/cm3), A the
atomic weight, I is the mean excitation energy (in eV) and E is ex-
pressed in eV. It is convenient to rearrange Eq. (1) for a Fano plot

SEk ¼ lnð1:166=IÞ þ ln E; ð2Þ

where k = A/784.6Zq. If the Bethe equation were valid over a given
energy range, the corresponding plot of SEk versus lnE would be lin-
ear with a slope of unity.

As examples, the solid circles in Fig. 1(a) and (b) show Fano
plots for Si and Au in which SEk is plotted against E on a logarith-
mic scale. These plots were prepared with SPs calculated from opti-
cal data [17,18] (hereafter referred to as optical SPs). Optical SPs
are included for energies between 10 eV and 100 eV to illustrate
trends, although these SPs should be regarded only as semi-quan-
titative guides [18].

The dashed lines in Fig. 1(a) and (b) show plots of the product
SEk from Eq. (2) (with I values as recommended in [11]) as a func-
tion of E. While the Fano plots from the optical SPs for Si and Au
show linear regions, for energies greater than 500 eV for Si and
greater than 10 keV for Au, their slopes are larger than those for
the Fano plots from the Bethe equation. At lower energies, SEk val-
ues from the optical SPs gradually decrease and approach zero with
decreasing energy. That is, as is well known, the Bethe SP equation
is not valid for energies less than about 10 keV [11–18].

The slopes of the Fano plots for Si and Au from the optical SPs
are shown as solid circles in Fig. 1(c) and (d) as a function of elec-
tron energy. We see that these slopes show a series of steps with
increasing energy. Each of these steps corresponds to contributions
to the stopping power from a particular electronic shell (valence-
band, L-shell and K-shell for Si in Fig. 1(c) and valence-band, O-
shell, N-shell and M-shell for Au in Fig. 1(d)). As the energy in-
creases to our limit of 30 keV, the slopes approach unity as ex-
pected from Eq. (2).

We have chosen to fit plots of slopes of Fano plots using the Hill
equation [23]. In principle, any sigmoid function would be appro-
priate but the Hill equation is a simple expression that can be eas-
ily integrated. This equation can be expressed as

y ¼ a
En

En þ bn ; ð3Þ

where a is the height of a step, b is the electron energy at the center
of a step and n determines the steepness of the slope at a step.
Although this equation is empirical, we can associate physical
meanings to the parameters a, b and n.

If a plot of the slope of a Fano plot for a given element has m
steps, we can describe the plot by

k
dðSEÞ
d ln E

¼
Xm

i¼1

ai
Eni

Eni þ bni
: ð4Þ

The solid lines in Fig. 1(c) and (d) show fits of the Fano plot
slopes for Si and Au with Eq. (4), and we see reasonable agreement.
Although there are some deviations of the fits from the plotted
points (e.g. for Si above 600 eV), these do not significantly affect
our later results. We find it more convenient to fit the Fano plots
directly with a function that is an integral of Eq. (4)

SEk ¼
Xm

i¼1

ai

ni
ln

Eni þ bni

bni

� �� �
: ð5Þ

We have fitted Fano plots with the optical SPs for our group of 41
elemental solids with Eq. (5). The solid lines in Fig. 2(a) and (b) show
examples of these fits for Si and Au. Direct comparisons of the opti-
cal SPs and the values derived from the fits with Eq. (5) are shown in
Fig. 2(c) and (d), where we see excellent agreement with the optical
SPs. The root-mean-square (rms) difference of the fitted values from
the optical values of SE were 0.8% for Si and 1.0% for Au. The average
of the rms differences for the 41 solids was 1.0% over the 100 eV to
30 keV energy range. This value is superior to those found in fits of
the optical SPs with other empirical equations over the same energy
range: 4.5% with the Joy–Luo equation [14] and 3.0% with the
Jablonski–Tanuma–Powell [20] equation.

Our new expression for the SP can be obtained by rearranging
Eq. (5)

S ¼ 784:6Zq
EA

Xm

i¼1

ai

ni
ln 1þ E

bi

� �ni
� �

ðin eV=ÅÞ: ð6Þ
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Fig. 1. Fano plots ((a) and (b)) (based on Eq. (2)) and slopes of Fano plots ((c) and
(d)) for Si and Au. The closed circles are derived from optical SPs and the dashed
lines in (a) and (b) show values from the Bethe equation (Eq. (1)). The solid lines in
(c) and (d) show fits to the Fano plot slopes with Eq. (4), and the dashed lines
indicate the value (unity) expected from the Bethe equation.
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Fig. 2. Partial contributions of each electronic shell to the Fano plots and stopping
powers for Si and Au. The solid lines show fits of the Fano plots with the optical SPs
(solid circles) using Eq. (5) for (a) Si and (b) Au. The solid circles in (c) and (d) are the
optical SPs and the solid lines show the results of the fits. The dashed lines show the
contributions of valence-band and inner-shell excitations to SEk and S. The
parameters from the fit for Si are a1 = 0.301, b1 = 18.3 (eV) and n1 = 5.49 for the
valence-band, and a2 = 0.781, b2 = 262 (eV) and n2 = 6.33 for the L-shell. The
parameters from the fit for Au are a1 = 0.00549, b1 = 16.9 (eV) and n1 = 2.92 for the
valence-band, a2 = 0.390, b2 = 74.2 (eV) and n2 = 4.35 for the O-shell, a3 = 0.458,
b3 = 918 (eV) and n3 = 3.79 for the N-shell, and a4 = 0.286, b4 = 7386 (eV) and
n4 = 10.7 for the M-shell.
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