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Abstract

An improved Bayesian model for detection of periodic signals is presented and applied to IntCal04 tree-ring data. Our previous model
used a discrete-time autoregressive process to model the noise and here a continuous autoregressive process is implemented. In order to
take into account the temporal width of the raw tree-ring data samples, the model function has been changed to a mean of the underlying
signal for temporal interval of the datapoint. A wavelet-type variant of the model is also presented.

It is shown that the presence of continuous cycles in the raw tree-ring data is doubtful. There is however evidence for wavelet-type
temporally constrained high-frequency oscillations with periods in the 2–20 year range. The temporal location of these oscillations is
given. It is probable that even these oscillations result from the measurement offsets between the datasets used for calibration.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

One possible way to try to understand the complex sun-
earth system is to search for certain periodic structures
within different proxies. The possible existence of climatic
and solar frequencies in different weather records and prox-
ies like temperature or rainfall records, tree ring thick-
nesses, lake varves, isotope concentrations in icecores,
etc., is therefore an important question. Several analyses
have been done on these proxies and spectral peaks have
been found, but the significance of the peaks has remained
open. This is due to problematic or nonexistent confidence
levels, different spectra of other similar proxies, and lack of
known mechanism to produce the frequencies [1,2]. There
is also considerable evidence for red noise in the climatic
time series [3,4] as a glance at power spectra of most prox-
ies will reveal. For atmospheric radiocarbon concentration

in particular, red noise arises when the flux of radiocarbon
is taken to have white noise [5].

For the atmospheric radiocarbon concentration, our
previous work has shown that although there are peaks
in the power spectrum, there are no believable continuous
sinusoids in the IntCal98 D14C data [6–8]. With the avail-
ability of the new and revised calibration dataset [9],
another search for sinusoids is in order. First, a revised
Bayesian signal-detection model for raw tree-ring radiocar-
bon data is presented. The model takes the temporal length
of the sample into account and uses a continuous autore-
gressive process as the correlation structure. Furthermore,
a simple variant of the continuous-sinusoid model is pre-
sented which enables a wavelet-type analysis of the data.
Second, the raw tree-ring data of IntCal04 data is analysed
with both models.

2. Model

Each point in the raw tree-ring data for IntCal04 is a
measurement on a wood sample covering 1–31 annual
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rings. Let y = [y1, . . .,yN]t be a vector of the N measured
data values of blocks of tree-rings with the corresponding
uncertainties s = [s1, . . ., sN]t. Let b = [b1, . . .,bN]t and
x = [x1, . . .,xN]t be the starting and ending years of the
measured blocks. The centerpoint in time of a block is
denoted by t = [t1, . . ., tN]t. We take the measurements y
to consist of a parametric function gi and two types of
noise, i.e.

yi ¼ gi þ ei þ xðtiÞ; ð1Þ
where gi are values for the model function, ei is the mea-
surement error and x(t) is a first-order continuous autore-
gressive [CAR(1)] process. The measurement errors ei are
distributed normally with known variances ei � Nð0; s2

i Þ.
The model function gi is taken to be a mean of the annual
values of sinusoids for the corresponding years:

gi ¼
1

xi � bi

Xxi

t¼bi

�
mk;l þ dl1rk;lðt � t1Þ

þ
Xk

j¼1

Aj;k;l sinð2pfj;k;l t þ /j;k;lÞ
�
; ð2Þ

where k and l are model indicator parameters. k denotes
the number of sinusoids and l the existence of a linear
trend. The linear trend is included because a possibility
has been raised that the radiocarbon half-life used could
be incorrect [10]. An incorrect radiocarbon half-life would
result in an exponential trend, which can be approximated
with a linear trend with an error less than two percent for
the present data. Aj,k,l, /j,k,l and fj,k,l are the amplitudes,
phases and frequencies of the jth sinusoid in the model
Mk,l Æ mk,l is the mean value of the data and rk,l the slope
of the linear trend. dl1 is the Kronecker delta, giving a value
1 if l = 1 and 0 otherwise. For brevity, we will drop the sub-
scripts k and l from the parameters.

A simple variant of the model above is a model where
the sinusoid is constrained to a temporal interval. This is
done by introducing two time markers s and s 0, the smaller
of which represents the start, and the bigger the stop of a
signal. This will enable us to see which part of the data
the power spectral peaks are coming from and whether
there are any plausible finite-duration sinusoid in the data.
In this case the model function is

gi ¼
1

xi � bi

Xxi

t¼bi

�
mþ dl1rðt � t1Þ þ

Xk

j¼1

IDðtÞAj sinð2pfjt þ /jÞ
�
;

ð3Þ
where D ¼ ½minðsj; s0jÞ;maxðsj; s0jÞ� and the indicator func-
tion IDðtÞ ¼ 1 if t 2 D and 0 otherwise.

The CAR(1) process is a generalization of the discrete
time AR(1) process to continuous time domain. It is a solu-
tion to the stochastic differential equation [11,12]

dxðtÞ þ axðtÞdt ¼ rdW ðtÞ; ð4Þ
where W(t) is a continuous random walk process (Wiener
process) with W(t1) �W(t2) � N(0, jt1 � t2j). The correla-

tion coefficient a2 [0,1[. The non-negative parameter r
is related to the variance of the CAR(1) process. The
conditional moments of the CAR(1) process are given by
[12,13]

E½xðtÞjxð0Þ� ¼ e�atxð0Þ; ð5Þ

var½xðtÞjxð0Þ� ¼ r2

2a
ð1� e�2atÞ: ð6Þ

In our previous model [8] the measurement errors ei

were taken into account numerically by using a model
parameter for each error. However, it is possible to calcu-
late the effect of measurement error analytically as has been
done in a bit different context in [14,5]. Computation is
facilitated by the use of the differences

fi ¼ gi � e�aDti gi�1 ð7Þ
zi ¼ yi � e�aDti yi�1

¼ fi þ ei � e�aDti ei�1 þ mi; ð8Þ

where Dti = ti � ti�1 and mi � Nð0; 1�e�2aDti

2a r2Þ. In the follow-
ing, we will use the vectors z = [z2, . . .,zN]t and
f = [ f2, . . ., fN]t.

The variances and covariances of this Gaussian process
are

varðzijHÞ ¼ s2
i þ e�2aDti s2

i�1 þ
1� e�2aDti

2a
r2; and ð9Þ

covðzi; ziþ1jHÞ ¼ �e�aDtiþ1 s2
i ; ð10Þ

where H = [k, l,a,r,m, r, {A1, . . .,Ak},{/1, . . .,/k}, { f1, . . .,
fk}]t. The covariances between the zi’s whose indices differ
by more than one are zero. Let C be the (N � 1) · (N � 1)
covariance matrix of the zi’s, given by Eqs. (9) and (10).
The likelihood is then

pðzjHÞ ¼ ð2pÞN�1jCj�1=2 exp � 1

2
z� fð ÞtC�1 z� fð Þ

� �
; ð11Þ

where jCj is the determinant of the matrix C. Table 1 gives
the priors used in the model. Obtaining the posterior is now
straightforward.

Table 1
Priors for the model parameters

Parameter Symbol Prior type Prior range

Number of sinusoids k Uniform [0,1, . . .,50]
Existence of linear trend l Uniform 0 or 1
CAR correlation

coefficient
a Uniform [0,100]

CAR standard deviation r r�1 [0.01,100]
Data mean m Uniform [�100,300]
Trend slope r Cauchy

(0,0.02)
Amplitude Aj C (1.25,15)
Phase /j Uniform [0,2p]
Frequency fj f�1

j [1/12500,1/2]
Time marker 1 sj Uniform [�10415,1945.5]
Time marker 2 s0j Uniform [�10415,1945.5]
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