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a b s t r a c t

The loss rate of electrons of stored electron beam due to elastic scattering with the nuclei of residual gas
atoms in an electron storage ring depends upon the shape factor which is governed by the shape and size
of vacuum chamber. As the vacuum pressure along the circumference of storage ring is normally not
uniform so the shape factor as a function of longitudinal position is required to be known. In this paper,
expressions for the shape factor for a rectangular and an elliptical vacuum chamber as a function of
longitudinal position along the circumference in a storage ring are derived and applied for the estimation
of shape factor in Indus-2 storage ring. Using measured vacuum pressure and shape factor along the
longitudinal position, the beam loss rate in Indus-2 due to elastic gas scattering with residual gas atoms
considering rectangular and elliptical shape of vacuum chamber are also reported.

© 2015 Elsevier Ltd. All rights reserved.

For the storage of an electron beam for a long lifetime in an
electron storage ring, average vacuum pressure ~1 � 10�9 mbar is
required in the vacuum chambers in which the electron beam cir-
culates. The presence of residual gas species within a vacuum
chamber causes scattering of the electrons of the stored beamwith
the nuclei of residual gas atoms. The scattering may be elastic or
inelastic [1e3]. In this paper we discuss the loss of electrons in a
storage ring due to elastic coulomb scattering of electrons with the
nuclei of residual gas atoms present in a vacuum chamber. The loss
of electrons due to this scattering takes place at minimum accep-
tance location i.e. at maximum b function in horizontal (X) and
vertical (Z) planes, when the aperture of vacuum chamber is uni-
form in the ring and depends on the parameter known as shape
factor, which is governed by the shape and size of the vacuum
chamber. Rectangular or elliptical shapes of the vacuum chamber
are widely used to store electrons in electron storage rings. The
vacuum pressure in a storage ring normally varies from place to
place and sometimes the vacuum pressure in one part of the ring is
very poor compared to the other parts. Under these conditions, in
order to estimate loss rate of electrons due to elastic scattering, we
have to use the vacuum pressure and shape factor information
along the longitudinal position in the ring. It is thus important to

know the vacuum pressure and shape factor as a function of the
longitudinal position in the ring. The average shape factor for a
rectangular and elliptical chamber is discussed in Ref. [4] and used
for loss rate estimation in electron storage rings like MAX II [5],
SPEAR3 [6], INDUS-2 [7], SAGA-LS [8] etc.

We derive expressions for the shape factor as a function of
longitudinal position along the circumference of a storage ring for
rectangular and elliptical shape of vacuum chamber starting from
ab-initio using linear beam dynamics. The motion of electrons is
considered to be constrained by the physical aperture neglecting
the nonlinear beam dynamical effects. Here, the position of elec-
trons at the focusing quadrupole is transformed to the defocusing
quadrupole location based on the b functions in horizontal and
vertical planes and vice versa to define the part of the vacuum
chamber at which the beam loss takes place at these locations. This
approach has enabled derivation of exact expressions for the shape
factor as a function of the longitudinal position within the domain
of linear beam dynamics.

The loss rate of relativistic electrons of stored beam due to
elastic coulomb scattering with the nuclei of residual gas atoms 1/
telastic [9] is given by

1
telastic

¼
�
� 1
N

dN
dt

�
¼ c〈ns〉 (1)* Corresponding author.
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where N, c, n, s are the number of electrons, speed of electrons,
residual gas density and scattering cross section of electrons
respectively, 〈〉 denote the average over the ring and telastic is the
beam lifetime due to elastic scattering.

When an electron of stored electron beam at longitudinal po-
sition s0 collides elastically with the nucleus of a residual gas atom
in a storage ring, it gets deflected by an angle q. In spherical polar
coordinates, for small scattering angle, the deflection is resolved as
qx ¼ qcosf in X plane and qz ¼ qsinf in Z plane, where f is azimuth
angle. For minimum scattering angle q ¼ qm at scattering location,
the electrons are lost at maximum bx or at maximum bz locations in
the storage ring.

If the electron scattered at longitudinal position s0 reaches the
boundary of the vacuum chamber at position s1, its horizontal x and
vertical z coordinates at s1 are given as

xðs1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bxðs0Þbxðs1Þ

p
qx ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bxðs0Þbxðs1Þ

p
qm cos f (2)

zðs1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bzðs0Þbzðs1Þ

p
qz ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bzðs0Þbzðs1Þ

p
qm sin f (3)

where bx(s0) and bz(s0) are b functions at the scattering location s0
in X and Z planes respectively and bx(s1) and bz(s1) are b functions at
beam loss location s1 in X and Z planes respectively and qm is the
minimum scattering angle for electron loss. In equations (2) and (3)
as well as everywhere in this paper, maximum betatron displace-
ments are considered taking the betatron phase term equal to one
because here only those electrons, which are lost from the ring, are
taken into account.

The elastic scattering cross section, causing loss of electrons
scattered at the location j in a storage ring is given as [9e11].

sj ¼
2Z2r20
g2

Fj where Fj

¼
Z2p
0

df

q2mðfÞ
is defined as the shape factor (4)

where Z: atomic number of residual gas atom, r0: classical electron
radius and g: relativistic factor. Using residual gas density n¼ P/kT,
where P: residual gas pressure, k: Boltzmann constant and T:
temperature, equation (1) becomes

1
telastic

¼ c
kT

*
s$P

+
where 〈s$P〉 ¼ 2Z2r20

g2
〈F$P〉 and 〈F$P〉

¼
Pl

j¼1 FjPj
l

(5)

Here 〈F$P〉 is the average of product of shape factor and vacuum
pressure at each scattering location and l is the number of scat-
tering locations spread uniformly over the ring. The beam loss rate
1/telastic is proportional to 〈F$P〉. Obviously, the correct value of 〈F$P〉
is essential to estimate the beam loss rate.

Substituting 1=q2m from equations (2) and (3) into equation (4),
the shape factor F at scattering location j becomes

Fj ¼
Z2p
0

bxðjÞbxðs1Þcos2 fþ bzðjÞbzðs1Þsin2
f

x2ðs1Þ þ z2ðs1Þ
df where tan f

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bxðjÞbxðs1Þ
bzðjÞbzðs1Þ

s
zðs1Þ
xðs1Þ

(6)

Dependence of F on x and z indicates that it is governed by the

shape and size of the vacuum chamber. We consider here that the
vacuum chamber has uniform cross section all along the circum-
ference. In such a ring, the beam loss will takes place either at the
location where bx is maximum or where bz is maximum.

To derive the expression of shape factor for rectangular vacuum
chamber, let the horizontal and vertical apertures of the chamber
be ±a and ±b respectively. In order to find out the domain of azi-
muth angle f in equation (6) for electron loss in X and Z plane, we
consider that at maximum bz location, the electrons lie on the
boundary of vacuum chamber i.e. the electron, which is at P(a,b) at
maximum bz location, will be at P

00 ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bxm=bx

p
a;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bz=bzm

p
bÞ at

maximum bx location as shown in Fig. 1(a), where bxm and bz are b

functions at maximum bx location in X and Z plane respectively and
bx and bzm are b functions at maximum bz location. The electrons
which lie on the boundary of the chamber at maximum bz will,
accordingly, follow the dotted rectangle at maximum bx location as
shown in Fig. 1(a). Here the solid rectangle shows the physical
aperture at maximum bx location. Similarly, at maximum bx loca-
tion, electrons are on the boundary of the vacuum chamber i.e. the
electron, which is at P(a,b) at maximum bx location will be at
P

00 ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bx=bxm

p
a;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bzm=bz

p
bÞ at maximum bz location as shown in

Fig. 1(b). The electrons which lie on the boundary of the chamber at
maximum bxwill follow the dotted rectangle at maximum bz loca-
tion as shown in Fig. 1(b) whereas the solid rectangle shows the
physical aperture at maximum bz location.

From Fig. 1(a), it is seen that at the location of maximum bx,
electrons, which have the magnitude of horizontal displacement a
or greater and also vertical displacement magnitude up to
OB0ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

bz=bzm
p

bÞ are lost on the P
0
AS

0
and Q

0
A1R

0
parts of the vacuum

chamber. Electrons, having the magnitude of vertical displacement
greater than to OB

0
are lost at the maximum bz location.

Similarly, from Fig. 1(b), it is understood that at the location of
maximum bz, electrons, which have the magnitude of vertical
displacement b or greater and also magnitude of horizontal
displacement up to OA0ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

bx=bxm
p

aÞ are lost on theP
0
BQ

0
and S

0
B1R

0

parts of the vacuum chamber. Electrons having the magnitude of
horizontal displacement greater than to OA

0
are lost at the

maximum bx location.
From Fig. 1(a), the coordinate of the electron at the location P

0
is

ða; ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bz=bzm

p
bÞ where bzm > bz. Using equations (2) and (3), the az-

imuth angle f is related to the coordinate of P
0
(x,z) at maximum bx

location as

tan f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bx0bxm

bz0bz

s
z
x

(7)

The maximum value of f i.e. fxm is obtained at location P
0
of

electron loss for which x ¼ a and z ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bz=bzm

p
b, so

tan fxm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bx0bxm

bz0bz

s ffiffiffiffiffiffiffiffi
bz

bzm

s
b
a
0tan fxm ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bx0bxm

bz0bzm

s
b
a
0fxm

¼ tan�1
�
pb
a

�
where p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bx0bxm

bz0bzm

s

(8)

From Fig: 1ðaÞ; tan fx ¼
z
x
0tan f ¼ p1 tan fx where p1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bx0bxm

bz0bz

s
ðusing eq: 7Þ (9)

Similarly from Fig. 1(b), at location of electron loss P
0
,

x ¼
ffiffiffiffiffiffi
bx
bxm

q
a and z ¼ b, the maximum value of f i.e.fzm is
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