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a b s t r a c t

In this paper, we study the existence of positive solutions for a class of nonlocal fractional
order differential equations with changing-sign singular perturbation. By means of
Schauder’s fixed point theorem, the conditions for the existence of positive solutions are
established respectively for the cases where the nonlinearity is positive, negative and
semipositone.

� 2015 Elsevier Inc. All rights reserved.

1. Introduction

Differential equation models can describe many nonlinear phenomena in applied mathematics, economics, finance, engi-
neering, physical and biological processes [1–5]. In recent years, fractional order differential equations arise in the modeling
of many complex dynamic phenomena in viscoelasticity, rheology, fluid mechanics, electrical networks and chemical phy-
sics, and thus have attracted more and more attention in the scientific research communities [6–18].

Recently, Li et al. [6] studied the nonlinear differential equation of fractional order

Da
t uðtÞ þ f ðt;uðtÞ ¼ 0; 0 < t < 1; 0 < a 6 2;

subject to the boundary conditions

uð0Þ ¼ 0; Db
t uð1Þ ¼ aDb

t uðnÞ:
By using some fixed point theorems, the existence and multiplicity of positive solutions to the problem were established for
the case where f : ½0;1� � ½0;1Þ ! ½0;1Þ is continuous. In [7], Rehman and Khan investigated the following multi-point
boundary value problem for fractional differential equation where the nonlinear terms and boundary conditions involve
fractional derivatives of the unknown function

Da
t yðtÞ ¼ f ðt; yðtÞ;Db

t yðtÞÞ; t 2 ð0;1Þ;

yð0Þ ¼ 0; Db
t yð1Þ �

Xm�2

i¼1

fiD
b
t yðniÞ ¼ y0;

8><>: ð1:1Þ
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where 1 < a 6 2;0 < b < 1;0 < ni < 1; fi 2 ½0;þ1Þ with
Pm�2

i¼1 fin
a�b�1
i < 1. By using the Schauder fixed point theorem and

the contraction mapping principle, the authors established the existence and uniqueness of nontrivial solutions for the
BVP (1.1) provided that the nonlinear function f : ½0;1� � R� R is continuous and satisfies certain growth conditions.
Recently, a coupled system of nonlinear fractional differential equations with multi-point boundary conditions was studied
by Zhang et al. [8]

�Da
t xðtÞ ¼ f ðt; xðtÞ;Db

t xðtÞ; yðtÞÞ; �D
c
t yðtÞ ¼ gðt; xðtÞÞ; t 2 ð0;1Þ;

Db
t xð0Þ ¼ 0; D

l
t xð1Þ ¼

Xp�2

j¼1

ajD
l
t xðnjÞ; yð0Þ ¼ 0; Dm

t yð1Þ ¼
Xp�2

j¼1

bjD
m
t yðnjÞ;

8>><>>: ð1:2Þ

where 1<c<a62;1<a�b<c;0<b6l<1;0<m<1;0<n1<n2<���<np�2<1;aj;bj2½0;þ1Þwith
Pp�2

j¼1 ajn
a�l�1
j <1;

Pp�2
j¼1 bjn

c�1
j <1.

By using the fixed point theorem of the mixed monotone operator, the existence and uniqueness of a positive solution for the
fractional differential Eq. (1.2) was established.

Motivated by the results mentioned above, in this paper, we study the existence of positive solutions for the following
singular boundary value problem of fractional differential equation with a changing-sign term

�Daþ2
t yðtÞ þDa

t yðtÞ ¼ f ðt; yðtÞ;Da
t yðtÞÞ þ eðtÞ; 0 < t < 1;

aDa
t yð0Þ � bDaþ1

t yð0Þ ¼
Xm�2

j¼1

ajD
a
t yðnjÞ;

cDa
t yð1Þ þ dDaþ1

t yð1Þ ¼
Xm�2

j¼1

bjD
a
t yðnjÞ;

8>>>>>>>><>>>>>>>>:
ð1:3Þ

where 0 < a 6 1; a; c � 0; b; d > 0;0 < nj < 1; aj; bj 2 ½0;þ1Þ; f : ½0;1� � ½0;1Þ � ð0;1Þ ! ð0;1Þ is continuous and may be

singular near the zero for the third argument, e 2 L1ð½0;1�;RÞ may be sign-changing. So far, the effect of the perturbed term
e on the existence of solutions to problem (1.3) is unknown. Hence the aim of this paper is to discuss this issue.

The rest of paper is organized as follows. In section two, we introduce some basic definitions and lemmas to be used for
the development of our main results. In section three, our main results are summarized by three theorems, establishing the
conditions for the existence of solutions to problem (1.3) under three different cases. In section four, an example is given to
demonstrate the application of our results.

2. Basic definitions and preliminaries

Throughout this paper, we denote by E ¼ C½0;1� the Banach space of all continuous functions on [0,1] with the usual max-
imum norm jjxjj ¼max06t61jxðtÞj. Let

Cþ½0;1� ¼ fx 2 E : xðtÞP 0; t 2 ½0;1�g;

then Cþ½0;1� is a normal cone in the Banach space E. Thus the space Ecan be equipped with a partial order given by

x; y 2 E; x� y 2 Cþ½0;1� () xðtÞP yðtÞ; for t 2 ½0;1�:

In the following, we recall some lemmas of fractional calculus and then give some assumptions to be used later in this
paper.

Definition 2.1 [2,5]. The Riemann–Liouville fractional integral of order a > 0 of a function x : ð0;þ1Þ ! R is given by

IaxðtÞ ¼ 1
CðaÞ

Z t

0
ðt � sÞa�1xðsÞds

provided that the right-hand side is pointwise defined on ð0;þ1Þ.

Definition 2.2 [2,5]. The Riemann–Liouville fractional derivative of order a > 0 of a function x : ð0;þ1Þ ! R is given by

Da
t xðtÞ ¼ 1

Cðn� aÞ
d
dt

� �n Z t

0
ðt � sÞn�a�1xðsÞds;

where n ¼ ½a� þ 1 in which ½a� denotes the integer part of the number a, provided that the right-hand side is pointwise
defined on ð0;þ1Þ.
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