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a b s t r a c t 

To accommodate the micro-structural effect, this work applies the dual-phase-lag (DPL) heat 

transfer model to explore the transient heat transfer for a moving finite medium under the 

effect of a time-dependent laser heat source. Laser heating is modeled as an internal heat 

source. A numerical scheme has been developed to overcome the mathematical difficulties in 

dealing with the hyperbolic heat conduction equation. Comparison between present numeri- 

cal results and the analytic solutions for the non-Fourier case is made to verify the accuracy of 

the present numerical method. Additionally, the effects of different medium parameters, for 

example, moving velocity, phase lags values of the heat flux and temperature gradient, on the 

behavior of heat transfer have been examined. It is found that there exists clear phase shifts 

in the temperature distributions due to the medium moving velocity. The heat-flux phase 

lag tends to induce thermal waves with sharp wave-fronts in the medium, the inclusion of 

temperature-gradient phase lag smoothens the sharp wave-fronts by promoting conduction 

into the medium, resulting in non-Fourier diffusion-like conduction. 

© 2015 Elsevier Inc. All rights reserved. 

1. Introduction 

Due to its numerous applications related to microelectronics and material processing, the use of laser and microwave heat 

sources has attracted much attention in recent years. These can be used in processes such as laser patterning, micromachining, 

and laser surface treatment. In terms of theoretical analysis on heat conduction problems, classical Fourier’s law has been widely 

used; and its predictive accuracy is supported extensively and successfully by results which are in agreement with experimental 

data for most of the conventional heat transfer conditions. However, in situations involving high heat fluxes, very short times, 

or very low temperatures, the applicability of Fourier’s law is questionable [1,2] . The problem is rooted in the fact that the 

Fourier’s law predicts an infinite speed of heat propagation, that is, a thermal disturbance in any part of a medium can result in 

an instantaneous perturbation to everywhere in the sample. 

To account for the finite thermal wave speeds, Cattaneo [3] and Vernotte [4] proposed a thermal wave model with a single- 

phase time lag in which the temperature gradient established after a certain elapsed time: 

q (r, t + τq ) = −k ∇T (r, t) , (1) 
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Nomenclature 

A 1 parameter defined in Eq. (27) 

A 2 parameter defined in Eq. (28) 

A 3 parameter defined in Eq. (25) 

B 1 parameter defined in Eq. (30) 

B 2 parameter defined in Eq. (31) 

B 3 parameter defined in Eq. (29) 

c specific heat ( Jk g −1 K 

−1 ) 

d 1 , d 2 parameters defined in Eq. (25) 

g capacity of internal heat source ( W m 

−3 ) 

G dimensionless capacity of internal heat source 

I laser incident intensity ( W m 

−2 ) 

I r arbitrary reference laser intensity ( W m 

−2 ) 

k thermal conductivity ( W m 

−1 K 

−1 ) 

l thickness of the slab (m) 

L dimensionless thickness of the slab ( = cl/ 2 α) 

q heat flux ( W m 

−2 ) 

r position vector (m) 

R surface reflectance 

R 1 ∼ R 3 parameters defined in Eq. (20) 

s Laplace transform parameter 

T temperature (K) 

T 0 initial temperature (K) 

t time (s) 

u step function 

v speed of heat propagation ( m s −1 ) 

w velocity of the medium ( m s −1 ) 

W dimensionless velocity of the medium 

x x -coordinate (m) 

Greek symbols 

α thermal diffusivity ( m 

2 s −1 ) 

β dimensionless absorption coefficient 

δ( ξ ) Dirac δ function 

η dimensionless Cartesian coordinates 

θ dimensionless temperature 

μ absorption coefficient 

ξ dimensionless time 

ρ density kg m 

−3 

τ q phase lag of the heat flux (s) 

τ T phase lag of the temperature gradient (s) 

ψ 0 internal heat source 

φ dimensionless rate of energy absorbed in the medium 

where τ q denotes the relaxation time or the time delay of the heat flux relative to the temperature gradient in the transient 

energy transport process. From Eq. (1) , it can be seen that when τ q > 0, the thermal wave propagates through the medium with 

a finite speed of v = 

√ 

α/ τq , where α is the thermal diffusivity. However, when τ q approaches zero, the thermal wave has an 

infinite speed and thus the single-phase-lag (SPL) or non-Fourier model reduces to the traditional Fourier model. 

Although the thermal wave model can capture the micro-scale response in time [5,6] , the wave concept does not capture the 

micro-scale response in space [7] . Therefore, the validity of the thermal wave model becomes debatable in the aspect of fast- 

transient response with micro-structural interaction effects [8] . To remove the precedence assumption implied by the thermal 

wave model, the dual-phase-lag heat conduction model was developed and experimentally verified by Tzou [9] . The model 

accounts for spatial and temporal effects in both macro- and micro-scale heat transfer in a one-temperature formulation and 

takes the form: 

q (r, t + τq ) = −k ∇T (r, t + τT ) , (2) 

where τ T is the phase lag of the temperature gradient. In the DPL model with τ q >τ T , temperature gradient within the medium 

induces heat flux; hence, the temperature gradient is the cause for energy transport and the heat flux is the effect; whereas, with 
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