Applied Mathematical Modelling 39 (2015) 2973-2980

Contents lists available at ScienceDirect e
Applied Mathematical Modelling
journal homepage: www.elsevier.com/locate/apm

Int dratic spline interpolation ™

ntegro quadratic spline interpolation @ CrossMark
Jinming Wu *, Xiaolei Zhang
School of Statistics and Mathematics, Zhejiang Gongshang University, Hangzhou 310018, China
ARTICLE INFO ABSTRACT
Article history: In this paper, we use quadratic B-splines to reconstruct an approximating function by using
Received 22 October 2012 the integral values of successive subintervals, rather than the usual function values at the

Received in revised form 15 April 2014
Accepted 7 November 2014
Available online 26 November 2014

knots. It is called integro quadratic spline interpolation. Compared to the other existing

methods, our method can tackle integro interpolation problem from the integral values

on arbitrary successive subintervals. The general approximation error is studied and the

super convergence property is also derived when the interval is equally partitioned. More-
. . over, it can work successfully without any boundary condition. Numerical experiments

Quadratic B-splines . . .

Integro interpolation show our method is easy to implement and effective. ' '

Error analysis © 2014 Elsevier Inc. All rights reserved.
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1. Introduction

Sometimes we deal with situations or phenomena which only involve the integral values of the function y = y(x) in many
practical use. The question is, if we know the integral values of the function then how we can use this information to
reconstruct the approximating function [1].

Suppose that the interval [a, b] is partitioned into the following n successive subintervals [x;,x;,1],i = 0,1,...,n — 1, where
Aa=2Xy<X; <---<Xp=h.

Assume that the function values y; = y(x;) are not given, but the integral values I; of y(x) are known on the n subintervals
[Xi,Xi11]. Our task is to determine an integro-interpolating function S(x) such that

X1 "Xit1
/ Swdx=l= [ yedx, i=01,...n-1.
Xj

Xj

This problem has many practical applications in the fields of mechanics, statistics, climatology, oceanography, numerical
analysis and so on. Spline functions, as the piecewise polynomials with certain smoothness at the knots, can be used to tackle
this new interpolation problem. There are several research papers addressing this issue. In 1996, Behforooz [1] firstly
introduced a new method to construct integro cubic splines by using the integral values of y(x), rather than the usual
function values at the knots.The method was deduced by using cubic Hermite interpolation polynomial formula together
with three additional boundary conditions. Later, an integro quintic spline approach was discussed by Behforooz [2],which
is primarily based on the quintic Hermite-Birkhoff interpolation polynomial. Unfortunately, these method are expected to
face a more complicated construction process and these method need several additional boundary conditions besides the

* This work was supported by the National Natural Science Foundation of China (No. 11401526), the Natural Science Foundation of Zhejiang Province
(Nos. LQ13A010004 and LY14A010001).
* Corresponding author.
E-mail address: wujm97@mail.zjgsu.edu.cn (J. Wu).

http://dx.doi.org/10.1016/j.apm.2014.11.015
0307-904X/© 2014 Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.apm.2014.11.015&domain=pdf
http://dx.doi.org/10.1016/j.apm.2014.11.015
mailto:wujm97@mail.zjgsu.edu.cn
http://dx.doi.org/10.1016/j.apm.2014.11.015
http://www.sciencedirect.com/science/journal/0307904X
http://www.elsevier.com/locate/apm

2974 J. Wu, X. Zhang/Applied Mathematical Modelling 39 (2015) 2973-2980

given integral values. Moreover, they did not study the derivatives approximation of y(x). To overcome this drawbacks,
Zhanlav and Mijiddorj [3] discussed the local integro cubic splines and their approximation properties in 2010. It was able
to reconstruct y®(x), (k = 0, 1,2) with O(h*™) errors respectively. But its error orders were relatively lower. In 2012, Lang
and Xu [4] discussed the integro quartic spline interpolation by using quartic B-splines and this method possesses super
convergence orders in approximating function values and second-order derivative values at the knots.Very recently, Wu
and Zhang [5] discussed the integro sextic spline interpolation and its super convergence. However, all the existing methods
are used to tackle integro spline interpolation from given integral values of successive uniform subintervals since they used
the uniform B-spline bases. That is to say, they always assume x; = a + ih, fori =0,1,...,n with h = (b — a)/n.

In this paper, we discuss the integro interpolation problem by using quadratic B-splines. Our new method has some
advantages compared to the other existing methods. We highlight them as follows.

(I) Our method can tackle the integro interpolation problem from the integral values of y(x) on arbitrary subintervals
[Xi,X,ur]Ll': 0,1,...,n—1.
(II) Our method is easier to implement. The degree of spline function is lowest and it mainly requires to solve a three-band
linear system with n — 1 equations.
(IIT) Our method possesses super convergence order in approximating function values at the knots and also performs well
without any additional boundary condition when the interval [a,b] is equally partitioned. That is to say, S(x) can
approximate y(x) with O(h*) errors at the equidistant nodes.

The rest of this paper is organized as follows. In Section 2, we present integro quadratic spline interpolation and analyze
its error estimate. In Section 3, we modify the integro quadratic spline interpolation without any additional boundary
condition when the interval [a, b] is equally partitioned. Section 4 is devoted to numerical experiments, numerical results
show that our proposed method is effective. Finally, we conclude our paper in Section 5.

2. Integro quadratic spline interpolation
2.1. Construction of integro-interpolating quadratic splines

The problem of integro-interpolating quadratic spline is addressed as follows.

Suppose S(x) € C'[a,b] and S(x) is a quadratic polynomial on each subinterval [x;, X 1], where a =X, < X; < --- < X, = b,
then S(x) is called a quadratic spline function with respect to the given knots xq,x1, ..., X,. If given the integral values I; of
y(x) of each subinterval [x;,x;.1] and satisfying

Xiy Xiy
1S(x)dx:li:/ YX)dxi=01,... n-1, (1)
X; Xj

then S(x) is called an integro-interpolating quadratic spline function.

Now, we are going to use these numbers I; to construct this class of integro quadratic spline functions S(x). The quadratic
spline S(x) is a piecewise quadratic polynomial such that S(x) and S'(x) are continuous on [a, b]. The basic idea is to construct
the quadratic polynomial from the three parameters S(x;),S(xi;1) and ;. For simplicity, we use the following notations:
Si = S(x;) and Siq = S(Xiy1).

From a simple computation, S(x) can be defined by

S(x) = SiHi(x) + liHij1 (%) + Si1Hia (%), X € X3, Xp1], (2)

where,
Hi(x) = <1 B P )<ﬂ>
Xiv1 —Xi) \Xi — Xi1
6 X—Xi+1)<x_xi>
H::1(x) = )
1.1+1( ) <xi+l _ Xi) (Xi — Xit1 Xit1 —Xi)

. _ X Xipn X —Xj
Hin () = (1 3Xi - Xm) <Xi+1 - Xi>‘

Obviously, S(x) is continuous on the interior nodes xq,x5, ..., X, 1. Meanwhile, we have

, -6 2
S (X1 —0) = Fli + E(Si +25i1), hi = X1 — X;.
1

i
Similarly, we have the expression of S(x) on [x;.1,%;,2] and can compute S'(x;,; + 0). Certainly, we have the continuity
conditions for S'(x), i.e.,

S'(Xis1 — 0) = S'(xiy1 + 0).
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