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a b s t r a c t

The aim of this paper is to introduce both the concept of fuzzy extension of a classical func-
tion for modelling imprecise relations between variables and the basic arithmetic opera-
tions which this entails.

The concept of fuzzy extension can be considered as a generalisation of the concept of
classical function extended to the field of the fuzzy sets defined in R. The fuzzy extension
f of a classical continuous function f(x) is a particular kind of fuzzy relation, which
describes the correspondence between two variables x and y. The univocal image of each
value of x through f is a closed interval of y values ½f lðxÞ; f uðxÞ�. Functions fl(x) and fu(x)
set the limits of the y interval whose extent of correspondence to x is nonzero, being zero
8y : y 6 f lðxÞ and 8y : y P f uðxÞ and they fulfill the condition that 8x 2 DflðxÞ 6 f ðxÞ 6 f uðxÞ.
A fuzzy extension f is defined by its membership function lf ðx; yÞ, which quantifies the
extent to which each value of the y variable corresponds to each value of x. The image y
of each fuzzy set x is achieved by means of the composition rule of f . In order to perform
arithmetic operations with fuzzy extensions, the following basic operations are defined:
the addition a, subtraction s, multiplication m and division d of two fuzzy extensions.
The concept of fuzzy extension of a classical function, the procedure to specify and model
lf ðx; yÞ, the procedure to determine the image y and the arithmetic operations are graph-
ically illustrated and properly exemplified.

A fuzzy extension f defined in this way is a useful alternative to the set of fuzzy rules or
knowledge base for modelling inherently imprecise relations, which are frequently
described in a simplified manner by means of classical functions. For this reason, fuzzy
extensions can be applied to a number of different fields, being particularly suitable for
environmental assessments, such as the design and evaluation of environmental quality
indexes and the environmental impact assessments, among others.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Frequently, knowledge about the correspondence between two variables x and y by means of a function f in R is not accu-
rate enough as to assign a unique value of y to each value of x. This is the case when there is a lack of information about the
very correspondence between the variables, and/or when this information is affected by imprecision and uncertainty and/or
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when one or more of the related variables are not quantitative but linguistic. In such cases, fuzzy logic together with fuzzy
set theory are efficient mathematical tools for the rigorous modelling of these imprecise relations, sets of fuzzy rules of the
type IF/THEN being frequently used for this purpose [1].

The description of imprecise relations by means of sets of fuzzy rules has been widely applied to different fields in the
industrial sector, such as business management [2,3], industrial manufacturing [4–6] and process control [7–9], among oth-
ers. It has also been successfully used in medicine as a useful tool for the diagnosis of diseases [10–13]. Sets of fuzzy rules are
particularly useful in the environmental field, where the correlations between the variables are very frequently inherently
imprecise. Thus, they have been applied to decision support systems [14,15], quality assessments [16,17], environmental
quality indexes [18–20] and environmental impact assessments [21,22].

The aim of this work is to introduce a new kind of fuzzy relation for the modelling of inherently imprecise relations, i.e.
when the imprecision lies in the correspondence itself, regardless of the vagueness and/or inaccuracy which affect the values
of the correlated variables. This new fuzzy relation is called fuzzy extension of a classical function. For this, we present and
develop both the concept of fuzzy extension and the basic arithmetic operations, which are properly exemplified and graph-
ically illustrated.

The concept of a fuzzy extension can be considered as a generalisation of the concept of a classical function extended to
the field of the fuzzy sets defined in R, which describes the correspondence between two variables x and y. The univocal

image of each value of x through f is a closed interval of y values ½f lðxÞ; f uðxÞ�. Functions fl(x) and fu(x) set the limits of the

y interval whose extent of correspondence to x is nonzero. f is defined by its membership function lf ðx; yÞ, which quantifies

the extent to which each value of the y variable corresponds to each value of x. The image y of each fuzzy set x is achieved by

means of the composition rule of f .
The main contribution of this work is to introduce the fuzzy extension of a classical function as a useful alternative to the

set of fuzzy rules or knowledge base for the modelling of inherently imprecise relations.
The essential difference between a set of fuzzy rules and a fuzzy extension is that while the former expresses the corre-

spondence by a set of pairs of fuzzy sets ðxi; yiÞ, the fuzzy extension does it by a unique fuzzy set in f and so, the image y of

any fuzzy set x through a fuzzy extension is directly obtained by performing the fuzzy composition of x and f .
As mentioned above, the inherently imprecise relations between variables are very common in a large number of knowl-

edge areas, environmental assessments being one of the fields where such relations occur more frequently. Despite their
imprecision, very often these relations are not described by means of sets of fuzzy rules, but by classical functions f(x). In
such cases, f(x) represents a simplification of the real correspondence, since it does not adequately describe the inherent

imprecision of the relation. When this is the case, the fuzzy extension f of a classical function f(x) enables us to set an accu-

rate description of the inherently imprecise relation, f being obtained from the ‘‘extension’’ of a classical function f(x) by
means of fuzzy set theory.

The further development of the arithmetic of fuzzy extensions presented in this paper and their applications is open to
future research, which will expand the possibilities of the application of fuzzy logic and fuzzy sets theory to the modelling of
inherently inaccurate relationships.

The work is organised as follows: first the concept of fuzzy extension and the procedure to specify and model its mem-
bership function lf ðx; yÞ are presented in Section 2. Subsequently, a procedure for determining the image y of x through a

fuzzy extension f is proposed in Section 3, where the fuzzy composition rule is defined in order to calculate the image of
a fuzzy singleton (FS) and a triangular fuzzy number (TFN). Next, the basic arithmetic operations are defined in Section 4:
the addition, subtraction, multiplication and division. Next, a comparative study of the concepts of fuzzy extension and
knowledge base is presented in Section 5. Later, in order to illustrate the application of the concept of ‘‘fuzzy extension of
a classical function’’, the modelling of the correspondence between an environmental indicator (I) and its contribution Q I

to a quality index is presented in Section 6, which is obtained from the fuzzy extension of the classical transformation func-
tion QI = ft (I). Finally, some conclusions are drawn in Section 7.

2. The concept of the fuzzy extension f of a classical function f

The fuzzy extension f of a classical continuous function f is a particular kind of fuzzy relation [23]. f describes the corre-
spondence between two variables x and y, so that the univocal image of each value of x is a closed interval of y values. The
extent to which each value of the y interval corresponds to the value of x varies between 0 and 1, f(x) being the value of y
which corresponds to x with the highest extent of correspondence, i.e. 1.

Two functions are defined in order to set the limits of the y interval. They are called upper and lower fuzziness limits of

the fuzzy extension f , fu and fl, respectively. These functions determine the interval of y values whose extent of correspon-
dence to x is nonzero, being zero 8y : y 6 f lðxÞ and 8y : y P f uðxÞ.

According to this, let’s consider the real functions f(x), fl(x) and fu(x), the domain and codomain of which are
D ¼ ½xmin; xmax� and B ¼ ½ymin; ymax�, respectively. These functions are continuous in D and they fulfill the condition that:

8x 2 D f lðxÞ 6 f ðxÞ 6 f uðxÞ: ð1Þ

R. Peche, E. Rodríguez / Applied Mathematical Modelling 39 (2015) 3024–3049 3025



Download English Version:

https://daneshyari.com/en/article/1703194

Download Persian Version:

https://daneshyari.com/article/1703194

Daneshyari.com

https://daneshyari.com/en/article/1703194
https://daneshyari.com/article/1703194
https://daneshyari.com

