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a b s t r a c t

In this paper, a specific class of convex feasibility problems are considered and a non-inte-
rior continuation algorithm based on a smoothing function to solve this class of problems is
introduced. The proposed algorithm solves at most one system of linear equations at each
iteration. Under some weak assumptions, we show that the algorithm is globally linearly
and locally quadratically convergent. Preliminary numerical results are also reported,
which verify the favorable theoretical properties of the proposed algorithm.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

The convex feasibility problem (CFP, for short) is the problem of finding a point laying in the intersection of a finite family
of closed convex subsets fCigN

i¼1, where N is a positive integer. Usually, these convex sets are given as sublevel sets of convex
functions,

fCigN
i¼1 ¼ x 2 Rn : fiðxÞ � 0

� �N
i¼1; ð1:1Þ

where fi : Rn ! R is convex function for every i ¼ 1;2; ::;N. The CFP is fundamental in many areas of application such as image
recovery[1], radiation therapy treatment planning [2,3] and demosaicking [4]. It is studied in many different contexts, see,
for instance, [5–7] and references therein.

Most of the major proposed methods for solving CFP (1.1) can be grouped into the following classes, successive projection
methods [8,9], simultaneous projection methods [10–12], string-averaging projection methods [13,14], block-iterative
methods [13,15–18] and subgradient projection methods [11,19,20]. For more information on these terms and a survey
on the algorithms for solving convex feasibility problems refer to [21,22].

Non-interior continuation algorithms have been proposed for solving various optimization problems successfully, for
example, [23–29]. Recently, there has been increasing interest in solving optimization problems by using non-interior con-
tinuation algorithms. Thus, a natural question is whether or not non-interior continuation algorithms can be used to solve CFP
(1.1)? And how to apply non-interior continuation algorithms to solve the CFP (1.1)? This paper will show some results on this
topic.

http://dx.doi.org/10.1016/j.apm.2014.04.030
0307-904X/� 2014 Elsevier Inc. All rights reserved.

q This work was partially supported by National Natural Science Foundation of China (Grant Nos. 11301409, 11301408) and Research Fund for the
Doctoral Program of Higher Education (Grant No. 20130203120019).
⇑ Corresponding author. Tel.: +86 02988202860.

E-mail addresses: mathlunan@gmail.com (N. Lu), mafengforever@sina.com (F. Ma), liusanyang@126.com (S. Liu).

Applied Mathematical Modelling 38 (2014) 5421–5430

Contents lists available at ScienceDirect

Applied Mathematical Modelling

journal homepage: www.elsevier .com/locate /apm

http://crossmark.crossref.org/dialog/?doi=10.1016/j.apm.2014.04.030&domain=pdf
http://dx.doi.org/10.1016/j.apm.2014.04.030
mailto:mathlunan@gmail.com
mailto:mafengforever@sina.com
mailto:liusanyang@126.com
http://dx.doi.org/10.1016/j.apm.2014.04.030
http://www.sciencedirect.com/science/journal/0307904X
http://www.elsevier.com/locate/apm


For CFP (1.1) with N ¼ n, we propose a non-interior continuation algorithm to solve such a problem in this paper, i.e., to
find a point which satisfies

fCign
i¼1 ¼ fx 2 Rn : fiðxÞ � 0gn

i¼1; ð1:2Þ

where fi : Rn ! R is a convex function for any i 2 1;2; . . . ;nf g.
For any x 2 Rn, define

xþ ¼ max 0; x1f g; . . . ;max 0; xnf gð ÞT ; xj j ¼ x1j j; . . . ; xnj jð ÞT and f ðxÞ ¼ f1ðxÞ; . . . ; fnðxÞð ÞT ;

then

x 2 fCign
i¼1 () f ðxÞ � 0() f ðxÞþ ¼ 0;

so CFP (1.2) is equivalent to the following system of equations:

f ðxÞþ ¼ 0: ð1:3Þ

Since the the function involving in (1.3) is non-smooth, the classical Newton methods can not be directly applied to solve
(1.3). In this paper, we introduce the following smoothing function,

/ðl; aÞ ¼ aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ l2

p
2

; l > 0: ð1:4Þ

Proposition 1.1. For any given l > 0, we have

(i) /ðl; �Þ is continuously differentiable everywhere with /0aðl; aÞ ¼ 1
2 1þ affiffiffiffi

l2
p

þa2

� �
; 8a 2 R.

(ii) When l ¼ 0; /ðl; aÞ ¼ aþ.

Define

Uðl; yÞ ¼

/ðl; y1Þ
..
.

/ðl; ynÞ

2
664

3
775: ð1:5Þ

then by Proposition 2.1 (ii), we have

Uðl; yÞ ¼ 0; l ¼ 0 and y ¼ f ðxÞ () y ¼ f ðxÞ; yþ ¼ 0:

This, together with Proposition 2.1 (i), indicates that, to solve CFP (1.2), one can apply Newton-type methods to solve
Uðl; yÞ ¼ 0; y ¼ f ðxÞ and make l # 0.

This paper is organized as follows. In the next section, we propose a non-interior continuous algorithm for solving CFP
(1.2). In Section 3, we show that the algorithm is globally convergent, and investigate the global linear and local quadratic
convergence of the algorithm. The preliminary numerical results are reported in Section 4, and in Section 5, we give a
conclusion.

In the following, K :¼ f1;2; . . .g denotes the iteration index set, I n� n identity matrix, and Rþþ the set of positive reals. For

any vectors x; y 2 Rn, we write z ¼ xT ; yT
� �T as z ¼ x; yð Þ for simplicity.rzHðl; zÞmeans the gradient of Hðl; zÞ with respect to

z 2 Rn � Rn and rf ðxÞ the gradient of f ðxÞ with respect to x 2 Rn. For any uk;vk 2 R with k 2 K; uk ¼ oðvkÞ means
limk!1uk=vk ¼ 0 and uk ¼ OðvkÞ means lim supk!1uk=vk <1.

2. Algorithm description

Let /ðl; aÞ and Uðl; yÞ be defined by (1.4) and (1.5), define

Hðl; zÞ ¼
y� f ðxÞ
Uðl; yÞ

	 

: ð2:1Þ

It is easy to see that l ¼ 0 and Hðl; zÞ ¼ 0 if and only if x solves CFP (1.2).

Algorithm 2.1 (A non-interior continuation algorithm).

Step 0 Given r;a; c 2 ð0;1Þ; l0 > 0, and x0; y0 2 Rn. Set z0 :¼ ðx0; y0Þ. Choose b such that b P
ffiffiffi
n
p

=2 and kHðl0; z
0Þk 6 bl0. For

any k � 0.
Step 1 If Hð0; zkÞ

�� �� ¼ 0, stop; otherwise, go to Step 2.
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