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a b s t r a c t

This paper deals with the construction of an analytic-numerical mean square solution of
the random diffusion model in an infinite medium. The well-known Fourier transform
method, which is used to solve this problem in the deterministic case, is extended to the
random framework. Mean square operational rules to the Fourier transform of a stochastic
process are developed and stated. The main statistical moments of the stochastic process
solution are also computed. Finally, some illustrative numerical examples are included.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Diffusion models involve uncertainties not only to the error measurements but also due to material defects or impurities
in the case of heat diffusion [1–3]. Uncertainty also appears when in a diffusion model one considers pollutants which
present impurities.

The theory and applications of random differential equations is a very active area of mathematical research and there are
several different approaches, from the so-called stochastic differential approach based on the Itô calculus, to the called dis-
honest methods [4]. Fruitful methods approach have been recently used in [5–10]. Random heat transfer in a finite medium
have been treated in [2] by developing random perturbation method, by finite elements method in [1], and finite difference
method in [11,12]. A different random approach focussing on Brownian motion stochastic processes have also been treated
in [13,14] for the finite medium model and it is based on the Itô calculus. Here we follow the mean square approach devel-
oped for both the ordinary and partial differential case in [15–19]. This approach has two suitable properties. The first is that
our solution coincides with the one of the deterministic case, i.e., when the random data are deterministic. The second, is that
if XnðtÞ is a mean square approximation to the exact mean square solution XðtÞ, then the expectation and the variance of XnðtÞ
converges to the expectation and the variance of XðtÞ, respectively [20].

For the sake of clarity in the presentation of the paper and thinking of applications, we assume that randomness is
expressed by modeling the diffusion coefficient as a random variable (r.v.) and the initial stochastic process (s.p.) as a func-
tion that depends on a random variable. The same results are available, but with a more complicated notation by considering
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functions which depend on a finite number of random variables, the so-called functions with a finite degree of randomness
quoted in [20, p. 37]. In this paper, we consider the one-dimensional random diffusion model

ut ¼ Auxx; �1 < x < þ1; 0 < t < þ1; ð1Þ

uðx;0Þ ¼ uðx; BÞ; �1 < x < þ1; ð2Þ

where A is a positive r.v., independent of r.v. B and both satisfying additional properties to be specified later. We will also
specify later the further condition to be satisfied by the s.p. uðx; BÞ. Unlike to the finite medium random diffusion model,
to the best of our knowledge there is a lack of reliable numerical answers to the solution of the random diffusion model
in an infinite medium. This paper deals with the construction of reliable solutions to model (1) and (2) by extending to
the random case the Fourier transform approach, but focussing more on the applications than in theoretical issues. It is
important to point out that in the random case we are not only interested in the construction of a solution s.p. uðx; tÞ but
we also need to compute the expectation and the variance of uðx; tÞ.

This paper is organized as follows. Section 2 is devoted to some preliminaries that will clarify both the understanding and
reading of the paper. Section 3 addresses the definition of mean square Fourier transform, some relevant properties and a
useful example and operational rules. In Section 4, the solution of problem (1) and (2) is performed as well as its statistical
moments. In Section 5 some illustrative examples are included and conclusions are drawn in Section 6.

2. Preliminaries about random mean square calculus

This section begins by reviewing some important concepts, definitions and results related to the random Lp calculus,
mainly focusing on the mean square (m.s.) and mean fourth (m.f.) calculus, which correspond to p ¼ 2 and p ¼ 4, respec-
tively (see [17] for further details). After a relevant class of r.v.’s that will play an important role in the development of next
sections is studied.

Let ðX;F ;PÞ be a probabilistic space. Let p P 1 be a real number. A real r.v. U defined on ðX;F ;PÞ is called of order p, if

E½jUjp� < þ1;

where E½�� denotes the expectation operator. The space Lp of all the real r.v.’s of order p, endowed with the norm

Uk kp ¼ ðE½jUj
p�Þ1=p ð3Þ

is a Banach space, [21, p. 9].
Let fUn : n P 0g be a sequence of r.v.’s of order p. We say that it is convergent in the pth mean to the real r.v. U 2 Lp, if

lim
n!þ1

Un � Uk kp ¼ 0:

If p2 P p1, then Lp2 # Lp1 . In addition if fUn : n P 0g is p2th mean convergent to U 2 Lp2 , then fUn : n P 0g is also p1th mean
convergent to U 2 Lp1

, [21, p. 13]. Convergences in L2 and L4 are usually referred to as m.s. and m.f. convergence, respectively.
If U and V are r.v.’s in L4 then by the Schwarz’s inequality one gets (see [17])

UVk k2 6 Uk k4 Vk k4: ð4Þ

If fUn : n P 0g is a sequence of 2-r.v.’s in L2 m.s. convergent to U 2 L2, then from Theorem 4.3.1 of [20, p. 88] one gets

lim
n!1

E½Un� ¼ E½U�; lim
n!1

Var½Un� ¼ Var½U�; ð5Þ

where Var½�� denotes the variance operator. Let T be a subset of the real line. A family fUðtÞ : t 2 Tg of real r.v.’s of order p is
said to be a s.p. of order p or, in short, a p-s.p. if

E½jUðtÞjp� < þ1; 8t 2 T:

We say fUðtÞ : t 2 Tg is pth mean continuous at t 2 T, if

Uðt þ hÞ � UðtÞk kp ! 0 as h! 0; t; t þ h 2 T:

Furthermore, if there exists a s.p. U0ðtÞ of order p, such that

Uðt þ hÞ � UðtÞ
h

� U0ðtÞ
����

����
p

! 0 as h! 0; t; t þ h 2 T;

then we say that fUðtÞ : t 2 Tg is p th mean differentiable at t 2 T and U0ðtÞ is the p-derivative of UðtÞ.
In the particular cases that p ¼ 2; 4, definitions above leads to the corresponding concepts of mean square (m.s.) and

mean fourth (m.f.) continuity and differentiability. Furthermore, it is easy to prove by (4) that m.f. continuity and differen-
tiability entail m.s. continuity and differentiability, respectively.

In accordance with [20, p. 99], [22], we say that a s.p. fVðxÞ : x 2 Rg with VðxÞ 2 Lp for all x, is locally integrable in R if, for
all finite interval ½a; b� � R, the integral
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