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a b s t r a c t

In this paper, we develop an approximation method for throughput in tandem queues with
multiple independent reliable servers at each stage and finite buffers between service
stations. We consider the blocking after service (BAS) blocking protocol of each service
stage. The service time distribution of each server is exponential. The approximation is
based on the decomposition of the system into a set of coupled subsystems which are
modeled by two-stage tandem queue with two buffers and are analyzed by using the level
dependent quasi-birth-and-death (LDQBD) process.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Tandem queues with finite buffers have been widely used for performance modeling of computer systems, telecommu-
nication networks and manufacturing systems, and it is studied extensively in the literature e.g., Gershwin [1], Perros [2],
Perros and Altiok [3] and the references therein. Models with finite buffers and exponential service times can be represented
by finite state Markov chains [4]. However, the number of states of the Markov chain increases drastically as the number of
stages increases, which makes numerical solutions intractable. Only small systems with one or two queues can be solved
exactly; for exact methods we refer to [5–7,4] for the system with reliable servers and to [8,9,2] for the system with
unreliable servers. The methods introduced for exact solution of two stage open queuing networks can include the ones which
employs matrix geometric method [10,11] and spectral expansion [12], and approaches to ease state explosion problem such as
dominant eigenvalues approach [13], three-dimensional approach [14] and hybrid solution approach [15] have been presented.
The two stage tandem queue with single server and interarrival time of general distribution is studied by Klimenok et al. [7].
Kim et al. [5] deal with the single server two stage tandem queue with retrials and losses instead of blocking.

Many approximation methods are presented for the analysis of tandem queue with finite buffers. One of the most
common method among the approximation techniques is decomposition method which decomposes the long line into
subsystem with two service stations and one buffer, and derives a set of equations that determine the unknown parameters
of each subsystem, and finally develops an iterative algorithm to solve these equations. For more about decomposition
method for single server tandem queues, see e.g. Gershwin [16] for the system with unreliable server and exponential
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distribution of service time, Helber [17] for the system with unreliable server and Cox-2 distribution of service time,
Bierbooms et al. [18], van Vuuren and Adan [19] for the system with reliable server and general distribution of service time.
The literature on the analysis of tandem queues with multiple servers and finite buffer is more scarce than the single server
system. Maximum entropy method [20] and expansion method [21] are presented for approximation of the subsystem in
multi-server queueing networks with finite buffers and exponential distribution of service time. van Vuuren et al. [22]
decomposed the tandem queue with parallel reliable servers and general distribution of service time into subsystems with
two service stations and one buffer space, and then approximate each multi-server subsystem by an aggregated single
(super) server queue with state-dependent inter-arrival and service times. They used mixture of Erlang distribution and
Cox-2 distribution for an approximation of individual service time and aggregated (super) server. An iterative algorithm
to approximate the arrival and departures at the subsystems. The steady-state queue length distribution of each subsystem
is determined by a spectral expansion method. In Diamantidis et al. [23], decomposition technique was applied directly to
the tandem queues with multiple reliable servers whose service time distribution is exponential at each stage for approxi-
mation of throughput and mean number of customers in the system.

In this paper, we focus on multi-server tandem queues with exponential service times, reliable servers, finite buffers and
blocking after service (BAS) protocol. We present a decomposition method using three-stage subsystem to reflect the
dependence between consecutive stages and improve the quality of approximation. The system is decomposed into the
subsystems with three-stage and two buffers and each subsystem is approximated by a tandem queue with two-stage
and two buffers in which the arrival rate and departure rate are state dependent. The approximate subsystem is modeled
with level dependent quasi-birth-and-death (LDQBD) process. Arrival and service rates of the subsystem are obtained
iteratively.

The paper is organized as follows. In Section 2 we describe the model in detail and its decomposition. Some preliminaries
and approximation of subsystem are presented in Sections 3 and 4, respectively. Section 5 provides an algorithm for
calculating throughput. The results of the approximation method are compared numerically with simulation and existing
methods in Section 6. Finally, Section 7 contains some concluding remarks.

2. The Model and decomposition

We consider a tandem queue L with N þ 1 stages labeled Si; i ¼ 0;1; . . . ;N. Each stage Si has a service station Mi with mi

parallel identical servers and there is a finite buffer Bi of size bi in front of Mi; i ¼ 1;2; . . . ;N as depicted in Fig. 1. When a
customer completes its service at a stage and finds that the next stage is full at that time, the customer is held at the server
where it just completed service until the destination can accommodate it. This type of blocking is called BAS (blocking after
service) blocking. The servers in M0 are never starved and the servers in the last stage MN are never blocked. The service time
distribution of each server in Mi is assumed to be exponential with rate li.

The tandem queue L is decomposed into N � 1 subsystems L1; L2; . . . ; LN�1 as shown in Fig. 1. Subsystem Li consists of two
finite buffers Bi and Biþ1 and three service stations Mi�1; Mi and Miþ1, where the service station Mi�1 is a virtual station which
supplies the customers into Si. The departure process from Li may be affected by blocking due to full buffer at Siþ2.

3. Preliminaries

Let XiðtÞ be the number of customers at Si which includes the customers blocked at Mi�1 but does not include the custom-
ers at Mi that are blocked to enter the next stage Siþ1 at time t. It can be easily seen that the state space of XiðtÞ is f0;1; � � � ;Kig,
where Ki ¼ mi�1 þ li and li ¼ mi þ bi.

Let Zi ¼ fZiðtÞ; t P 0g, where ZiðtÞ ¼ ðXiðtÞ;Xiþ1ðtÞÞ. Let Xi and Xiþ1 be the stationary version of XiðtÞ and Xiþ1ðtÞ, respec-
tively and Zi ¼ ðXi;Xiþ1Þ. Since Xi þ Xiþ1 6 Kiþ1 þmi�1 þ bi, the state space of Zi is

Si ¼ fðn; jÞ; 0 6 n 6 aiðjÞ; 0 6 j 6 Kiþ1g ¼ fðn; jÞ; 0 6 j 6 diðnÞ; 0 6 n 6 Kig;

where aiðjÞ ¼ Ki �maxðj� liþ1;0Þ and diðnÞ ¼ Kiþ1 �maxðn�mi�1 � bi;0Þ.
Let piðn; jÞ ¼ PðXi ¼ n;Xiþ1 ¼ jÞ; ðn; jÞ 2 Si and define the marginal distributions

Fig. 1. Decomposition of tandem queue.
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