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a b s t r a c t

In this study, exact analytical analysis of two-dimensional Fourier and non-Fourier bioheat
transfer equations in skin tissue exposed to an instantaneous heating condition is pre-
sented. The effects of blood perfusion and metabolic heat generation on the tissue thermal
behavior are considered. Corresponding analytical approach is developed through Laplace
transform (LT) technique in conjunction with the separation of variables method and inver-
sion theorem. The dual-phase-lag (DPL), thermal wave (TW) and Pennes models of bioheat
transfer equation are studied by utilizing a generalized model. The reliability of the pre-
sented results has been evidenced through enforcing appropriate circumstances on the
DPL model and comparing the outcome results with that of predicted by the Pennes and
TW models. It is proved that the DPL bioheat transfer equation with the effects of blood
perfusion and metabolic heat generation can be reduced to the Pennes bioheat transfer
equation when sq ¼ sT . The effects of local non-equilibrium on the tissue thermal behavior
are examined and discussed by comparing the gradient precedence (GP) and flux prece-
dence (FP) heat flow regimes of the DPL model. The first- and second-degree burn times
of a 2D skin tissue for different bioheat models are introduced and compared with the
1D case.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Technology advances lead to modern thermotherapeutic methods which involve different techniques such as laser, radio
frequency, focused ultrasound, and microwaves for heating biological tissues in a safe manner. For example, the laser beam
is focused to the tumor site by an objective lens for thermal therapy. One of the challenges in thermal therapy methods is
delivering the appropriate volume of heat to the specified section of the patient’s body. In order to have a successful ther-
motherapeutic operation, pre-treatment planning, image-guided surgical control, and post-treatment monitoring are neces-
sary. The objective of this procedure is to predict the tissue temperature field and identify the damaged tissue regions as
accurate and appropriate as possible [1]. Thus accurate prediction of temperature distributions, damaged regions and heat
transfer rate in biological tissues during the thermal treatment processes is important both for treatment planning and for
designing new clinical heating systems.
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Nomenclature

a1; a2 constant coefficients, Eq. (18b)
A constant coefficient, Eq. (9)
A0 frequency factor (s�1)
B constant coefficient, Eq. (9)
c tissue specific heat (J kg�1 K�1)
cb blood specific heat (J kg�1 K�1)
C thermal wave speed (m s�1)
D constant coefficient, Eq. (9)
en constant coefficients, Eq. (19b)
E dimensionless temperature function employed in separation of variables method
Ea activation energy of denaturation reaction (J mol�1)
En particular functions, Eq. (19b)
Fmn square of kn plus square of ratio of tm to nL; k2

n þ tm=nLð Þ2
i imaginary unit
I0; I1 modified Bessel functions of the first kind
j non-negative integer number
J0; J1 Bessel functions of the first kind
k tissue thermal conductivity (W m�1 K�1)
K0 modified Bessel function of the second kind
l infinite line employed in Eq. (23)
L tissue length, m
m non-negative integer number
m1; m2 roots of the characteristic equation of homogeneous part of the ordinary differential equation (12b)
Mn constant coefficients, Eq. (21a)
M0 constant coefficient, Eq. (21b)
n non-negative integer number
q heat flux vector (W m�2)
q0 incident heat flux intensity (W m�2)
Qmet metabolic heat generation (W m�3)
r radial coordinate (m)
R universal gas constant (J mol�1 K�1)
Rp incident heat flux spot radius (m)
Rt tissue radius (m)
s Laplace domain parameter
Smnj singular points of H in complex plane
t time (s)
T tissue temperature (�C)
Tb blood temperature (�C)
U unit step function
wb blood perfusion rate (s�1)
Wb blood perfusion rate multiplied by blood density, Wb ¼ wbqb
x axial coordinate (m)
zn constant coefficients employed in Eq. (19a)
Z dimensionless temperature function employed in separation of variables method
Zn particular functions, Eq. (19a)

Greek symbols
a tissue thermal diffusivity (m2 s�1)
b a function of Laplace domain parameter, Eq. (15)
c real number employed in Eq. (23)
C dimensionless temperature gradient relaxation time
Cp dimensionless incident heat flux exposure time

en root of b plus square of kn;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bþ k2

n

q
f dimensionless radial coordinate
fRt dimensionless tissue radius
fRp dimensionless incident heat flux spot radius
g dimensionless time
h dimensionless tissue temperature
�h Laplace transform of h
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