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a b s t r a c t

In petroleum extraction and exploitation, the well is usually treated as a point or line
source, due to its radius is much smaller comparing with the scale of the whole reservoir.
Especially, in 3-dimensional situation, the well is regarded as a line source. In this paper,
we analyze the modeling error for this treatment for steady flows through porous media
and present a new algorithm for line-style well to characterize the wellbore flow potential.
We also provide a numerical example to demonstrate the effectiveness of the proposed
method.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

In many practical applications, especially by resistivity well-logging in petroleum exploitation, the boundary value prob-
lem with equivalued surfaces is formulated, see [1–4] for instance. From the physical view, the equivalued surface boundary
corresponds to a source in the reservoirs. In 2-dimensional case, the equivalued surface boundary can be regarded as a point.
So this type of source reduces to a point source, and the modeling error has been discussed by Chen–Yue [5]. In 3-dimen-
sional situation, the equivalued surface boundary can be treated as a line rather than a point. One main aim of the present
paper is to derive the modeling error in 3-dimensional case.

Consider a vertical well in R3. Let X ¼ H� ða; dÞ � R3 be a cylinder-like domain, where H � R2 is a bounded domain. For a
point ðx0; y0Þ 2 H, denote by Bd the small disk contained in H with center ðx0; y0Þ and radius d. Let Bd � ða; dÞ be the domain
that occupied by the well. Set Hd ¼ H n Bd and Xd ¼ Hd � ða; dÞ. We consider the following single phase potential equation
which is formed by combining Darcy’s Law with conversation of mass

�divðKrudÞ ¼ 0 in Xd;

where ud is the flow potential, K is the permeability. We will impose mixed boundary conditions

udj@H�ða;dÞ ¼ 0;
@ud

@m

����
Hd�fa;dg

¼ 0;

on the exterior boundary. On the well boundary @Bd � ða; dÞ, two quantities are of particular importance in practical
applications: the wellbore potential uj@Bd�ða;dÞ and the well flow rate

R
@Bd�fzg K @ud

@m ds ðz 2 ða; dÞÞ, where m is the unit outer
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normal to Xd. In practice, the well is only open in part segment. Let ½a; d� ¼ ½a; b� [ ðb; cÞ [ ½c; d�. Suppose that the well is open
in ðb; cÞ and closed in ½a; b� [ ½c; d�. Therefore we set up two kinds of boundary conditions for the wellbore boundary. Namely
we assume that the layer flow rate is fixed in ðb; cÞ and no flow rate in ½a; b� [ ½c; d�, i.e.

udj@Bd�fzg ¼ lðzÞ ðunknownÞ;
Z
@Bd�fzg

K
@ud

@m
ds ¼ qðzÞ; z 2 ða;dÞ;

where lð�Þ is a unknown function which depends only the height z of the well and qðzÞ is defined by

qðzÞ ¼
qðzÞ z 2 ðb; cÞ;
0 z 2 ½a; b� [ ½c;d�:

�
ð1:1Þ

In this paper, we mainly consider the following boundary value problem

�divðKðx; y; zÞrudÞ ¼ 0 ðx; y; zÞ 2 Xd;

udj@H�ða;dÞ ¼ 0;
@ud
@m jHd�fa;dg ¼ 0;

udj@Bd�fzg ¼ l0ðzÞ ðunknownÞ;
R
@Bd�fzg K @ud

@m ds ¼ qðzÞ; z 2 ða; dÞ;

8>>>><
>>>>:

ð1:2Þ

where qðzÞ is defined in (1.1).
Since the size of the well d is negligible in practical situations, the approximation of problem (1.2) is as follows

�divðKðx; y; zÞruÞ ¼ qðzÞdl ðx; y; zÞ 2 X;

uj@H�½a;d� ¼ 0;
@u
@m jH�fa;dg ¼ 0:

8><
>: ð1:3Þ

Here qðzÞ is the flow rate mentioned in (1.2), and dl is the line-style Dirac measure at fðx0; y0; zÞ; z 2 ðb; cÞg defined byZ
X

f ðx; y; zÞdldX ¼
Z c

b
f ðx0; y0; zÞdz; 8f 2 CðXÞ:

The first result of this paper is the following error estimate between the exact solution ud and the approximate solution u, i.e.

max
x2�Xd

ju� udj 6 Cdj ln dj;

where the constant C is independent of d. As far as we know, this is the first result in 3-dimensional case. The proof depends
on a sharp estimate between the well flow rate and the wellbore potential.

Next we develop a new algorithm to get the wellbore potential on mesh h� d. The main idea of our algorithm is to indi-
cate the wellbore flow by proposing a quantity named equivalent flow potential (EFP) 1

b�c

R c
b uj@Bd

dz (where u is the flow
potential, ðb; cÞ is the height of well, and @Bd � ðb; cÞ is the wellbore boundary). We first solve the problem (1.3) by finite
element method and then obtain the discrete solution uh. It is well known that uh fails to give good approximation in the
vicinity of well singularity. One way to overcome this difficulty is to introduce a auxiliary function w ¼ u� w, where

w ¼ 1
4pK0

R d
a

q0ðlÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx�x0Þþðy�y0Þ2þðz�lÞ2
p dl is the singular function.

Since w is regular, we can do accurate approximation for w. Denote by wh 2 Vh the finite element approximation of w.

Thus the value of uh on the well boundary Cd ¼ fðx; y; zÞ :

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x0Þ2 þ ðy� y0Þ

2
q

¼ d; z 2 ðc; dÞg can be approximated by

uhjCd
¼ whðx0; y0; zÞ þ wj@Bd

:

Furthermore,
R c

b uj@Bd
dz can be approximated by

�ah ¼
Z c

b
whðx0; y0; zÞdzþ

Z c

b
wj@Bd

dz:

Our method improves the computational efficiency because we only use a quantity named EFP to characterize the well-
bore pressure instead of correcting the wellbore potential at every layer.

The rest of the paper is organized as follows. In Section 2, we prove the error estimate between the exact solution and the
approximate solution. In Section 3, we introduce our new algorithm and verify the convergence property of this algorithm. In
Section 4, we give some numerical results to demonstrate the accuracy of our proposed method. We end the paper with
some concluding remarks.

2. The modeling error

Let D � X be a subdomain with Lipschitz boundary. For each integer m P 0 and 1 6 p 6 þ1, we denote by Wm;pðDÞ the
standard Sobolev space of real functions having all their weak derivatives up to order m in the Lebesgue space LpðDÞ. The
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