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a b s t r a c t

This paper considers the multi level uncapacitated facility location problem (MLUFLP). A
new mixed integer linear programming (MILP) formulation is presented and validity of this
formulation is given. Experimental results are performed on instances known from litera-
ture. The results achieved by CPLEX and Gurobi solvers, based on the proposed MILP for-
mulation, are compared to the results obtained by the same solvers on the already
known formulations. The results show that CPLEX and Gurobi can optimally solve all small
and medium sized instances and even some large-scale instances using the new
formulation.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

The interest in solving facility location problems has been growing steadily in the past few decades. Review of a large
variety of facility location problems can be found in [1]. The main focus of the research in this area has been concentrated
on the location problems, which require minimization of total travel time, physical distance, or some other related cost. Very
often, it is assumed that facilities have sufficiently large capacities to meet even the largest demands. Such problems are
mostly called uncapacitated, in contrast to those where capacities are limited, and quite a few deterministic models are pro-
posed for solving such problems. On the other hand, there are some models which include uncertainty [2], but describing all
such approaches is out of this paper scope.

In the classical single-level uncapacitated facility location problem, the key decision is to determine the location of facil-
ities and to assign each client to an open facility, in a way that minimizes the total cost of opening the facilities and servicing
the clients. In the multilevel uncapacitated facility location problem (MLUFLP), each client must be serviced, in general, by a
sequence of, at most, k different facilities. The multi level uncapacitated facility location problem is NP-hard, since it is a gen-
eralization of the (single level) uncapacitated facility location problem whose NP-hardness is proven in [3].

This paper considers a hierarchical system of facilities composed of k levels in which the lowest level of facilities is called
level 1, whereas the highest level is level k. The clients can be defined as level 0. The existence of a network whose vertices
represent facilities and clients is assumed. Classification of such a hierarchical system of facilities and their associated client
and respective location problems is given in [4] where it was determined according to four attributes. The first attribute, flow
pattern, describes the flow of services or goods on edges between vertices of the network. The other two attributes, service
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availability and spatial configuration of services, express the vertical interaction between levels of the hierarchy. The last
attribute is the objective for locating the facilities.

� Flow pattern. It can be either single-flow or multi-flow. Single-flow starts at level 0, passes through all levels, and ends
at the highest level (or it starts from the highest level and ends at level 0). It means that facilities included in flow
must belong to consecutive levels. Multi-flow can be between facilities on any level, not only consecutive ones.

� Service varieties. There are two possibilities, nested or non-nested, depending on the service availability at various
levels. In a nested case, a higher-level facility provides all the services provided by a lower level facility and at least
one additional service. In a non-nested case, facilities at each level offer different services, as can be seen in [5].

� Spatial configuration: Depending on the spatial configuration of levels the system can be coherent or non-coherent. In
the former case, all clients assigned to a particular lower-level facility are assigned to one and the same higher-level
facility as in [6]. Non-coherent systems are less constrained on the spatial configuration of levels.

� Objective: There are three well-known types of objectives to locate facilities: median, covering, and fixed charge
objectives. The median models try to minimize transportation costs between clients and facilities. In covering mod-
els, a client is considered covered by a facility if the facility is located within a specified proximity. Consequently,
covering models essentially try to minimize the number of facilities needed for coverage of all clients (set covering)
and to maximize covered clients with a particular number of facilities (maximum covering). The fixed charge location
models try to minimize the total facility set up and transportation costs. Most of these problem types can be
extended to a multiple objective optimization.

Basic applications of multilevel facility location problem (uncapacitated and capacitated) can be found, for example,
in health-care systems [7,8], solid waste management systems [9], production–distribution systems [10,11], education
systems [12], emergency medical service (EMS) systems [13], telecommunication networks [14,15], etc. Theoretical
applications on the bounded depth Steiner tree and range assignment problems with corresponding model can be found
in [16].

There are two different approaches in formulating MILP models for hierarchical location problems. Both approaches
are well represented in literature: flow-based and (path) assignment-based formulations. In flow-based formulations, de-
mand flows from facilities at one level to the next level of the hierarchy, similarly to network flow problems. The assign-
ment-based formulations allocate demand to facilities at each hierarchical level, as it may be the case in assignment
problems. Both formulations are usually used in solving minisum location problems: p-Median and fixed charge prob-
lems. The models that consider the covering location problems are out of the scope of this paper and can be found
in [4].

Both flow-based and assignment-based formulations have produced several MILP models. Some of the flow-based formu-
lation models can be found in [6,17–19] and certain assignment-based formulation models can be found in [8,17,20]. Models
for both formulations can be found in [21]. The difference between the two formulations is in the way that the demand of
each facility is being treated. In the flow-based formulation, the quantity of goods or services that flows through the facility,
is represented by a variable, which determines the flow from one-level of the hierarchy to another. Assignment-based for-
mulation, on the other hand, determines demand of a client by assigning a set of facilities, one from each level, which will
satisfy it.

The model proposed in this paper belongs to the class of assignment-based formulations, so those models will be dis-
cussed in more detail.

2. Assignment-based formulations

There is a general model for assignment-based formulations of single flow multi level facility location problem. A multi
flow variant can be found, for example, in [8]. Here, it is represented in the same way as in [4]. For the purpose of simplicity it
will be given for the two-level case, which is the most explored in literature.

Let uijk be 1 if client k is assigned to level 2 facility i via level 1 facility j; 0, otherwise. Let cijk is the cost charged for client k
being assigned to a pair of level 1 and 2 facilities at sites j and i, respectively. Also, we define I as the set of candidate sites for
level 2 facilities, and K as the set of clients. Number p represents the number of level 1 facilities to be opened. Let yj be 1 if
level 1 facility located at j, zero otherwise. Costs of opening facility j on level 1 are given with fj. Accordingly, J is the set of
candidate sites of level 1 facilities, with q as a number of facilities on level 2 which can be opened, and ðxiÞ ¼ 1 for all open
facilities at level 2. Costs of opening those facilities are given by gi. Now, the formulation of the two-level system, for the
fixed charge objective function (more common for assignment-based formulation) is:

min
X

i2I

X

j2J

X
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