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a b s t r a c t

In this article, we proposed an auxiliary parameter method using Adomian polynomials
and Laplace transformation for nonlinear differential equations. This method is called
the Auxiliary Laplace Parameter Method (ALPM). The nonlinear terms can be easily han-
dled by the use of Adomian polynomials. Comparison of the present solution is made with
the existing solutions and excellent agreement is noted. The fact that the proposed tech-
nique solves nonlinear problems without any discretization or restrictive assumptions
can be considered as a clear advantage of this algorithm over the numerical methods.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

The DDEs [1,2] play an important role in modeling complicated physical phenomena such as particle vibrations in lattices,
currents flow in electrical networks, and pulses in biological chains. The solutions of these DDEs can provide numerical sim-
ulations of nonlinear partial differential equations, queuing problems, and discretizations in solid state and quantum phys-
ics. The study of discrete nonlinear systems governed by both ordinary and partial differential-difference (including lattice
equations) and pure difference equations has drawn much attention in recent years particularly from the point of view of
complete integrability [3].

Thus seeking solutions of nonlinear ordinary and partial differential equations still a significant problem that needs new
techniques to develop exact and approximate solutions. Various powerful mathematical techniques such as Adomian
decomposition method [4–8], homotopy perturbation method [9–12], variational iteration method [13–16], homotopy anal-
ysis method [17–19], homotopy perturbation transform method [20] and other classical methods [21–30] are used to ob-
tained exact and approximate analytical solutions.

In this study, we present first time Auxiliary Laplace Parameter Method to solve the differential-difference equations. This
method is developed from homotopy and Laplace method. We used homotopy method combined with the Laplace transform
method for solving the famous differential-difference equations. The beauty of this proposed method is its capability of
combining two powerful methods for obtaining fast convergence for any kind of ordinary or partial differential equation.
We confirm, no such attempt has been made to use Auxiliary Laplace Parameter Method for solving well known
differential-difference equations.
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2. Auxiliary Laplace Parameter Method (ALPM)

To illustrate the basic idea of this method, we consider the nonlinear differential equation given by

Duðx; tÞ þ Nuðx; tÞ � f ðx; tÞ ¼ 0; ð1Þ

with the following initial conditions:

uðx;0Þ ¼ hðxÞ; utðx;0Þ ¼ f ðxÞ; ð2Þ

where f(x), h(x) e C(R), D is the second order linear differential operator D = o2/ot2, N the general nonlinear differential operator
and f(x, t) the source term. First we apply the Laplace transform (denoted throughout this study by L) on both sides of Eq. (1):

L½Duðx; tÞ� þ L½Nuðx; tÞ� � L½f ðx; tÞ� ¼ 0: ð3Þ

Using the differentiation property of Laplace transform, we have

s2L½uðx; tÞ� � shðxÞ � f ðxÞ þ L½Nuðx; tÞ � f ðx; tÞ� ¼ 0; ð4Þ

L½uðx; tÞ� � hðxÞ
s
� f ðxÞ

s2 þ
1
s2 L½Nuðx; tÞ � f ðx; tÞ� ¼ 0: ð5Þ

The nonlinear term is decomposed as

Nuðx; tÞ ¼
X1
n¼0

AnðuÞ; ð6Þ

for some Adomian polynomials An (see [4–7]) that are given by

An ¼
1
n!

dn

dkn N
X1
i¼0

kiui

 !" #
k¼0

; n ¼ 0;1;2;3; . . .

We construct a following parameter depending homotopy by using homotopy technique:

Hðv ; tÞ ¼ ð1� tÞL½v � u0� þ thL½NðvÞ � f ðrÞ� ¼ 0; ð7Þ

where r e R, t e [0, 1], L denotes the Laplace transform, h is non-zero auxiliary parameter f ðrÞ, is a known function and u0 is an
initial approximation of equation.

The generalized form of Eq. (7) for Eq. (5), we have

L½vn � u0� þ
h
s2 L½N � f ðrÞ� ¼ 0; ð8Þ

Let us expand the unknown variable v in series as below

u ¼ lim
n!1

v ¼ v0 þ v1 þ v2 þ � � � ð9Þ

Operating with Laplace inverse on both sides of Eq. (8) gives

vnðx; tÞ ¼ Iðx; tÞ � hL�1 1
s2 L½An�
� �

; ð10Þ

v0ðx; tÞ ¼ uðx;0Þ þ tutðx; 0Þ ¼ Iðx; tÞ ð11Þ

where Iðx; tÞ represents the term arising from the from the source term and prescribed initial condition.

vnþ1ðx; tÞ ¼ �hL�1 1
s2 L½An�
� �

; n P 0 ð12Þ

Substituting Eqs. (11) and (12) in Eq. (9) will give required result.

3. The differential-difference equations

Example 1. Consider the following differential-difference problem [2,13,14]:

dun

dt
¼ unðunþ1 � un�1Þ;

unð0Þ ¼ n:
ð13Þ

By applying the aforesaid method subject to the initial condition, we have
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