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a b s t r a c t

The numerical simulation of a water wave model with a nonlocal viscous dispersive term is
considered in this article. We construct two linearized finite difference/spectral schemes
for numerically solving the considered water model. A particular attention is paid to the
treatment of the nonlocal dispersive term and the nonlinear convection term. The proposed
methods employ a known ð2� aÞ-order scheme for the a-order fractional derivative and a
mixed linearization for the nonlinear term. A detailed analysis shows that the proposed
schemes are unconditionally stable. Some error estimates are provided to predict that
the method using the linearized Euler plus ð2� aÞ-order scheme in time and the spectral
approximation in space is convergent with order of OðDt þ N1�mÞ, where Dt, N and m
are, respectively the time step size, polynomial degree, and regularity in the space variable
of the exact solution. Moreover, we prove that the second order backward differentiation
plus ð2� aÞ-order scheme converges with order 3=2 in time. A series of numerical exam-
ples is presented to confirm the theoretical prediction. Finally the proposed methods are
used to investigate the asymptotic decay rate of the solutions of the water wave equation,
as well as the impact of different terms on this decay rate.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

The study of wave propagation in shallow water has a long history in many research fields. It is classical to model the
small amplitude long waves by the Boussinesq systems and KdV equation [1] or its regularized version, the so-called
BBM (Benjamin–Bona–Mahony) equation [2]. The BBM equation is regarded as an improvement of the KdV equation for
modeling long surface gravity waves of small amplitude in 1 + 1 dimensions. It has been shown that the BBM equation pos-
sesses stability and uniqueness of solutions. This contrasts with the KdV equation, which is unstable in its high wavenumber
components.

Kakutani & Matsuuchi [3] first pointed out that the asymptotic model for viscous water waves is an equation involving
both standard diffusion and nonlocal pseudo-differential operators reflecting dispersive and diffusive effect stemming from
the viscous layer in the fluid. Liu & Orfila [4] derived a set of depth-integrated equations for transient long-wave propagation
with viscous effects included. In their model the viscous effect is represented by convolution integrals due to the diffusion
process in the boundary layer. Chen & Goubet [5] have studied various dissipative mechanics associated with the Boussinesq

http://dx.doi.org/10.1016/j.apm.2014.03.051
0307-904X/� 2014 Elsevier Inc. All rights reserved.

⇑ Corresponding author. Tel.: +86 5922580713; fax: +86 5922580608.
E-mail address: cjxu@xmu.edu.cn (C. Xu).

1 The research of this author is partially supported by NSF of China (Grant numbers 11071203 and 91130002).

Applied Mathematical Modelling 38 (2014) 4912–4925

Contents lists available at ScienceDirect

Applied Mathematical Modelling

journal homepage: www.elsevier .com/locate /apm

http://crossmark.crossref.org/dialog/?doi=10.1016/j.apm.2014.03.051&domain=pdf
http://dx.doi.org/10.1016/j.apm.2014.03.051
mailto:cjxu@xmu.edu.cn
http://dx.doi.org/10.1016/j.apm.2014.03.051
http://www.sciencedirect.com/science/journal/0307904X
http://www.elsevier.com/locate/apm


systems which model two-dimensional small amplitude long wavelength water waves. Dutykh & Dias [6] introduced a sys-
tem which models water waves in a fluid layer of finite depth under the influence of viscous effects. They obtained a visco-
potential free-surface flows model involving local and nonlocal dissipative terms. The local dissipation terms come from
molecular viscosity while the nonlocal dissipative term represents a correction due to the presence of a bottom boundary
layer. In [7] Dutykh analyzed dispersion relation of the proposed models, and the effect of the nonlocal term on solitary
and linear progressive waves attenuation was investigated with the long wave approximation.

The investigation of the decay rates and the effect of viscosity of solutions to these equations has been subject of many
research efforts in recent years. Amick et al. [8] investigated long time behavior of the decay rate of solutions to Korteweg-de
Vries equation and the regularized long-wave equation for any initial data. They found that the solution decays in time as
Oðt�1=4Þ,Oðt�3=4Þ andOðt�1=2Þ in the L2-norm, H1- semi norm, and L1- norm, respectively. Bona et al. [9] presented an asymp-
totic form which renders explicit the relative strengths of the dissipative and dispersive effects in the solutions that decay to
zero as time tends to infinity. Bona et al. [10] introduced a Fourier splitting method for analyzing the long-time behavior of
solutions of the generalized Korteweg-de Vries equation posed on the whole line.

Some other work have been focused on using numerical methods to simulate the behavior of the solutions of water wave
equations. Chen [11] proposed a numerical scheme for initial and boundary value problems of a two-dimensional Boussinesq
system which describes water waves over a moving bottom. The proposed method combines a semi-implicit finite difference
scheme in time and spectral methods in space, which is conditionally stable. Chen et al. [12] were concerned with the well-
posedness and numerical computation of the solution to a water wave equation and its simplifications (i.e., without second
order term or third order term) with a nonlocal term. A method using a semi-implicit scheme for the time discretisation and
Fourier approach in space was proposed to compute the decay rates. In their method the nonlinear term was treated explic-
itly while the others were treated implicitly. Goubet & Warnault [13] discussed a linear viscous asymptotic model for water
waves, and provided some estimates for the decay rate of solutions towards the equilibrium. In a recent work [14], Dumont &
Duval investigated the role of the non local viscous terms, the geometric dispersion and the nonlinearity in two asymptote
models by using the Gear scheme. The Gear scheme for the discretization of the nonlocal term was also employed in [15,16]
to investigate the long time effects or asymptotic regularization effects of the damping models.

In the paper, we will propose and analyze two finite difference/spectral schemes for the water wave equation in a
bounded domain with the periodic boundary condition. The proposed schemes combine a linearized finite difference method
in time and Fourier spectral method in space. The finite difference schemes used here for the time discretisation take the
advantage that only a linear system is solved at each time step, and the computation is unconditionally stable. We give a
detailed analysis of the proposed schemes by providing some stability and error estimates. Based on this analysis, we prove
that the overall schemes are unconditionally stable, and the linearized Euler scheme in time/spectral method in space con-
verges with the order of OðDt þ N1�mÞ, while the second order backward differentiation has 3/2-order convergence in time,
where Dt and N are, respectively the time step size and the space resolution, m is the regularity in the space variable of the
exact solution. At last, the proposed methods are used to investigate the asymptotic decay rate of the solutions for the water
model. The effect of the nonlocal term, the dispersion term, and the nonlinear term on the decay rate will be discussed. Since
long time integration is needed in the investigation of the asymptotic decay rate, the numerical simulation greatly benefits
from the unconditional stability of the schemes which allow use of large time step sizes.

The outline of this paper is as follows. In the next section we first briefly recall some basic known properties of the water
wave equation, then construct two schemes for the time discretisation of this equation. A discrete energy inequality is estab-
lished for each of these two schemes, showing that the proposed time schemes are unconditionally stable. In Section 3, we
present the Fourier spectral method for the spatial discretisation and derive the error estimates for the full discrete prob-
lems. Some numerical results are presented in Section 4 which support the theoretical statement. We also analyze long-time
behavior of the decay rate of the solutions with different values of various parameters. Finally, some concluding remarks are
given in the final section.

2. Water wave models and discretisation in time

We consider the water wave equation in the BBM form as follows:

@tuþ @xu� b@xxtuþ
m1=2

Cð1=2Þ

Z t

0

@suðsÞ
ðt � sÞ1=2 dsþ cu@xu� a@xxu ¼ 0; ð2:1Þ

where b, m, c, and a are positive parameters. It is noted that in the usual BBM wave equation, a is set to be m. Use of different
parameters a and m in this paper will enable us to investigate the effect of the nonlocal viscous term and the diffusion term
separately. We recall below the existing results (see, e.g., [12]) on the global existence and the decay rate of the solution for
the problem (2.1) with b ¼ 0 and small initial datum.

Theorem 2.1. [12] Consider the Eq. (2.1) with b = 0 supplemented with initial data u0 2 L1ðRÞ \ L2ðRÞ. Then there exists e > 0,
cðu0Þ > 0 such that for all ku0kL1ðRÞ < e, the Eq. (2.1) admits a unique global solution u 2 CðRþ; L2

x ðRÞÞ \ C1ðRþ; H�2
x ðRÞÞ. In

addition, u satisfies
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