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a b s t r a c t

In this paper, an adaptive sliding mode controller for a novel class of fractional-order chaotic
systems with uncertainty and external disturbance is proposed to realize chaos control. The
bounds of the uncertainty and external disturbance are assumed to be unknown. Appropri-
ate adaptive laws are designed to tackle the uncertainty and external disturbance. In the
adaptive sliding mode control (ASMC) strategy, fractional-order derivative is introduced
to obtain a novel sliding surface. The adaptive sliding mode controller is shown to guarantee
asymptotical stability of the considered fractional-order chaotic systems in the presence of
uncertainty and external disturbance. Some numerical simulations demonstrate the effec-
tiveness of the proposed ASMC scheme.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

In the past few decades, much attention has been drawn for the study of fractional calculus [1–7]. As a branch of math-
ematical analysis, fractional calculus is a generalization of integration and differentiation to arbitrary non-integer orders. The
applications of fractional calculus have been intensively investigated in many research fields, covering automatic control,
informatics, materials, physics and etc. Especially, the study on the dynamics of fractional-order differential systems has at-
tracted increasing affection from many researchers [8–13].

Chaos as a very interesting nonlinear phenomenon has been intensively investigated in many fields of science and tech-
nology [14–17] over the last decades. It has been also demonstrated that some fractional-order differential systems [18–21]
behave chaotically or hyper-chaotically, such as the fractional-order Chen system [22,23], the fractional-order financial sys-
tem [24,25]. Recently, the fractional-order chaotic systems have become a hot topic. In particular, control and synchroniza-
tion [26–29] of the fractional-order chaotic systems have attracted attention from various scientific fields.

The main feature of SMC [23–25,30–32] is to switch the control law to force the states of the system from the initial states
onto some predefined sliding surface. The system on the sliding surface has desirable properties such as stability and distur-
bance rejection capability. SMC is well known as an effective robust control strategy. Yin et al. [25] presented the SMC law for
the chaos control of a class of fractional-order nonlinear systems. In addition, adaptive control [33] can overcome uncertainties
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and external disturbances. So the ASMC has the advantage of combining the robustness of the sliding mode control with the
tracking abilities of the adaptive control. However, there are few related results reported on the ASMC of fractional-order cha-
otic systems.

In this paper, we first introduce a novel class of fractional-order chaotic systems. Then, an ASMC law is proposed to con-
trol chaos in such fractional-order systems. The controller is developed to stabilize the novel fractional-order chaotic sys-
tems, even if the fractional-order systems with uncertainty and external disturbance. Numerical simulations show that
the proposed method can easily eliminate chaos and stabilize the system on the sliding surface.

The paper is presented as follows: in Section 2, basic definitions of fractional calculus, notations and numerical algorithms
are given. In Section 3, the general description of fractional-order chaotic systems is presented. Section 4 proposes the
employment of the sliding mode control method to control chaos in the systems. Numerical simulation results are shown
in Section 5. Finally, conclusion is addressed in section 6.

2. Basic definition and preliminaries

There exist many definitions of fractional derivative [34]. The most well-known definition is Riemann–Liouville (RL) frac-
tional derivative, defined by

Dq
t f ðtÞ ¼ dqf ðtÞ

dtq ¼ 1
Cðm� qÞ

dm

dtm

Z t

0

f ðsÞ
ðt � sÞqþ1�m ds; ð1Þ

where m is the first integer which is not less than q, i.e. m� 1 6 q < m and Cð�Þ is the well-known Euler’s gamma function

CðsÞ ¼
Z 1

0
ts�1e�tdt: ð2Þ

The terminal value indicates the lower limit in the integral (1). It may be a nonzero value in the general definition of frac-
tional derivative. The Laplace transform of the Riemann–Liouville fractional derivative is given by

L
dqf ðtÞ

dtq

� �
¼ mqLff ðtÞg �

Xm�1

k¼0

mk dq�1�kf ð0Þ
dtq�1�k

; m� 1 < q 6 m; ð3Þ

where L means Laplace transform and m is a complex variable. Note that in (3) the non-integer order derivative of the func-
tion at t ¼ 0 is required. This may be problematic in practical applications. So, the Caputo definition, sometimes called
smooth fractional derivative, is preferred which is

Dq
t f ðtÞ ¼ dqf ðtÞ

dtq ¼
1

Cðm�qÞ
R t

0
f ðmÞðsÞ

ðt�sÞqþ1�m ds; m� 1 < q < m;

dmf ðtÞ
dtm ; q ¼ m;

8<
: ð4Þ

where m is the first integer which is not less than q. The Laplace transform of the Caputo fractional derivative is given by:

L
dqf ðtÞ

dtq

� �
¼ mqLff ðtÞg �

Xm�1

k¼0

mq�1�kf ðkÞð0Þ; m� 1 < q 6 m: ð5Þ

In (5), note that only integer orders derivatives of the function appear in the Laplace transform of the Caputo derivative.
When the initial conditions are all zero, (5) reduces to

L
dqf ðtÞ

dtq

� �
¼ mqLff ðtÞg: ð6Þ

On the other hand, the initial conditions for the fractional differential equations (FDEs) with the Caputo derivative are in
the same form as for integer-order derivatives which have clear physical meaning. So, the Caputo fractional derivative is
more popular than the Riemann–Liouville fractional derivative, when modeling real-world phenomena with FDEs. Hence,
the Caputo derivative is used in this paper.

Lemma 2.1 (Barbalat’s lemma [35]). If g : R! R is a uniformly continuous function for t P 0 and if the limit of the integralR t
0 gðxÞdx exists and is finite, then limt!1gðtÞ ¼ 0.

Lemma 2.2. The following equality is valid for every positive scalar a and given scalar b.

b tanhðabÞ ¼ jb tanhðabÞj ¼ jbjj tanhðabÞjP 0: ð7Þ

Proof. From the definition of tanhðaÞ ¼ ea�e�a

eaþe�a, the following equality can be obtained
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