
Chaos synchronization between two different chaotic systems with
uncertainties, external disturbances, unknown parameters and
input nonlinearities

Mohammad Pourmahmood Aghababa a,⇑, Aiuob Heydari b

a Electrical Engineering Department, Urmia University of Technology, Urmia, Iran
b Civil Engineering Department, Urmia University of Technology, Urmia, Iran

a r t i c l e i n f o

Article history:
Received 28 October 2010
Received in revised form 24 August 2011
Accepted 1 September 2011
Available online 8 September 2011

Keywords:
Sliding mode control
Model uncertainty
External disturbance
Unknown parameter
Input nonlinearity

a b s t r a c t

In this paper, the problem of chaos synchronization between two different uncertain cha-
otic systems with input nonlinearities is investigated. Both master and slave systems are
perturbed by model uncertainties, external disturbances and unknown parameters. The
bounds of the model uncertainties and external disturbances are assumed to be unknown
in advance. First, a simple linear sliding surface is selected. Then, appropriate adaptive laws
are derived to tackle the model uncertainties, external disturbances and unknown param-
eters. Subsequently, based on the adaptive laws and Lyapunov stability theory, a robust
adaptive sliding mode control law is designed to guarantee the existence of the sliding
motion. Two illustrative examples are presented to verify the usefulness and applicability
of the proposed technique.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

Chaotic systems are very complex dynamical systems that possess some special attributes such as extremely sensitivity
to initial conditions, broad Fourier transform spectra, fractal properties of the motion in phase space and strange attractors.
Due to its useful applications in biological systems, chemical reactions, information processing, secure communication, eco-
nomical systems and power convertors, synchronization of chaotic systems has become an interesting and important topic
among researchers of mathematics, physics and engineering sciences in recent years and a wide variety of control ap-
proaches, such as fuzzy sliding mode control [1,2], adaptive control [3], optimal control [4], nonlinear feedback control
[5] and H1 control [6], have been proposed to synchronize chaotic systems.

However, all of these works and many others in the literature have focused on the study of chaos synchronization be-
tween two chaotic systems without model uncertainties and external disturbances. While, in real world applications, due
to un-modeled dynamics, system structural variations and measurement and environment noises the uncertainties and
external disturbances affect chaotic systems. In this regard, a number of researchers have paid their attention to the synchro-
nization of uncertain chaotic systems [7–14]. Although the works [7–14] have solved the problem of synchronization of
uncertain chaotic systems, but the chaotic systems considered in these studies have fully (or partially) known parameters.
Nevertheless, in practical situations, it is hard to exactly determine the values of the parameters of the chaotic systems in
advance. To solve this problem, some scholars have introduced several techniques for synchronization of chaotic systems
with unknown parameters, including sliding mode control [15–19], adaptive control [20–23], optimal control [24–26],
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backstepping design [27] and fuzzy control [28]. However, these studies have not considered the effects of both model
uncertainties and external disturbances in the dynamics of the chaotic systems.

On the other hand, when a controller is implemented in practice, limitations of actuators cause some nonlinearities,
such as backslash, hysteresis, saturation and dead-zone, in the control input. Since chaotic systems are very sensitive
to the variations of any system parameters, the presence of the nonlinearities in the control input can lead to unpredict-
able behaviors in the chaotic systems and even break the synchronization. Therefore, the effect of the input nonlinearities
should not be neglected in designing and realizing the controller in applications. Li and Chang [29] have developed an
adaptive sliding mode controller for synchronizing a class of identical chaotic systems with uncertainties and nonlinear
control inputs. The proposed method is not applicable for synchronization of two different chaotic systems. Lin et al.
[30] have proposed adaptive sliding mode observers to synchronize a class of identical chaotic systems with input non-
linearity. In [31], the sliding mode control theory has been used to design a controller for synchronization of two deter-
ministic different chaotic systems with input nonlinearities. Kebriaei and Yazdanpanah [32] have derived an adaptive
sliding mode controller to synchronize an special class of different uncertain chaotic systems with fully known parameters
and input nonlinearities.

However, to the authors’ best knowledge, the problem of synchronization of two different chaotic systems with model
uncertainties, external disturbances, unknown parameters and input nonlinearities is remaining as an open and challenging
problem yet. Therefore, we aim to solve this problem in the present paper. We consider two n-dimensional different chaotic
systems with model uncertainties, external disturbances and unknown parameters in both master and slave systems. Be-
sides, we assume that the control input, attached to the slave system, contains nonlinearities. The bounds of the uncertain-
ties and external disturbances are supposed to be unknown in priori. Appropriate adaptive laws are designed to tackle the
model uncertainties, external disturbances and unknown parameters. Based on the adaptive laws and Lyapunov stability
theory, a robust adaptive sliding mode controller (RASMC) is designed and its robustness and stability are analytically
proved. Finally, we present some numerical simulations to demonstrate the feasibility and usefulness of the proposed
RASMC.

The rest of this paper is organized as follows. In Section 2, the structures of the master and slave systems are given and the
synchronization problem is formulated. Section 3 deals with the design procedure of the proposed RASMC. Some numerical
simulations are included in Section 4. Finally, conclusions are presented in Section 5.

2. System modeling and problem formulation

In this paper, the following class of n-dimensional master and slave chaotic systems with model uncertainties, external
disturbances and unknown parameters are taken into account.

Master system:

_x1ðtÞ ¼ f1ðx1; x2; . . . ; xnÞ þ F1ðx1; x2; . . . ; xnÞhþ Df1ðx1; x2; . . . ; xn; tÞ þ dm
1 ðtÞ;

_x2ðtÞ ¼ f2ðx1; x2; . . . ; xnÞ þ F2ðx1; x2; . . . ; xnÞhþ Df2ðx1; x2; . . . ; xn; tÞ þ dm
2 ðtÞ;

..

.

_xnðtÞ ¼ fnðx1; x2; . . . ; xnÞ þ Fnðx1; x2; . . . ; xnÞhþ Dfnðx1; x2; . . . ; xn; tÞ þ dm
n ðtÞ:

ð1Þ

Slave system:

_y1ðtÞ ¼ g1ðy1; y2; . . . ; ynÞ þ G1ðy1; y2; . . . ; ynÞwþ Dg1ðy1; y2; . . . ; yn; tÞ þ ds
1ðtÞ þ /1ðu1Þ;

_y2ðtÞ ¼ g2ðy1; y2; . . . ; ynÞ þ G2ðy1; y2; . . . ; ynÞwþ Dg2ðy1; y2; . . . ; yn; tÞ þ ds
2ðtÞ þ /2ðu2Þ;

..

.

_ynðtÞ ¼ gnðy1; y2; . . . ; ynÞ þ Gnðy1; y2; . . . ; ynÞwþ Dgnðy1; y2; . . . ; yn; tÞ þ ds
nðtÞ þ /nðunÞ;

ð2Þ

where x(t) = [x1,x2, . . . ,xn]T 2 Rn�1 is the state vector of the master system, fi(x) : Rn�1 ? R, i = 1, 2, . . . , n is a continuous non-
linear function, Fi(x) : Rn�1 ? R1 � m, i = 1, 2, . . . , n is the ith row of an n �m matrix whose elements are continuous nonlinear
functions, h 2 Rm�1 is an m � 1 unknown parameter vector of the master system, Df(x, t) = [Df1(x, t),Df2(x, t), . . . ,Dfn(x, t)]T :
Rn�1 � R+ ? Rn�1 and dmðtÞ ¼ dm

1 ðtÞ; d
m
2 ðtÞ; . . . ; dm

n ðtÞ
� �T

: Rþ ! Rn�1 are the vectors of unknown model uncertainties and exter-
nal disturbances of the master system, respectively, y(t) = [y1,y2, . . . ,yn]T 2 Rn�1 is the state vector of the slave system, gi(y) :
Rn�1 ? R, i = 1, 2, . . . , n is a continuous nonlinear function, Gi(y) : Rn�1 ? R1 � m, i = 1, 2, . . . , n is the ith row of an n �m matrix
whose elements are continuous nonlinear functions, w 2 Rm�1 is an m � 1 unknown parameter vector of the slave system,
Dg(y, t) = [Dg1(y, t),Dg2(y, t), . . . ,Dgn(y, t)]T : Rn�1 � R+ ? Rn�1 and dsðtÞ ¼ ds

1ðtÞ; d
s
2ðtÞ; . . . ; ds

nðtÞ
� �T

: Rþ ! Rn�1 are the vectors
of unknown model uncertainties and external disturbances of the slave system, respectively, u(t) = [u1,u2, . . . ,un]T 2 Rn�1is
the vector of control inputs and /1(u1), /2(u2), . . . , /n(un) with /i(0) = 0, i = 1, 2, . . . , n are continuous nonlinear functions in-
side the sector [qi,li], i = 1, 2, . . . ,n, qi > 0, i.e.

qiu
2
i 6 ui/iðuiÞ 6 liu

2
i ; i ¼ 1;2; . . . ;n: ð3Þ
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