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a b s t r a c t

Spectral element method in frequency domain is employed to analyze continuous beams
and bridges subjected to a moving load. The formulation is developed for an Euler beam
under a moving load with an arbitrary amplitude and velocity. It is shown that the proce-
dure is simplified for a moving load with a constant amplitude and velocity. Static Green’s
function is used as a modifying function to improve the moment and shear force results. It
is further shown that while modifying function is used in conjunction with spectral ele-
ment method, fewer elements will be required to achieve proper results. The numerical
examples show the accuracy of the method.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

Dynamic response of beams subjected to a moving load is an important issue in many engineering problems, especially in
the design of bridges. In order to analyze vibration of structures under a moving load, Fryba [1] used integral transforms,
particularly Laplace transformation. Olsson [2] used modal analysis with the exact mode shapes for analyzing a simply sup-
ported Euler beam under a moving load. Sun [3–5] proposed a closed form solution for infinite Euler beams and plates on
different subgrades under a moving load. The load is characterized by Dirac-delta function and Fourier transform together
with its inverse and convolution integral is used to find the structure’s response. Kim [6] used fast Fourier transform (FFT)
algorithm to investigate the response of an Euler beam under a moving load in the time domain. Kargarnovin and Younesian
[7] used Fourier transformation to get the response of Timoshenko beams on the Pasternak subgrade. Garinei [8] used modal
analysis and inspected the effects of velocity and some other parameters on the response of an Euler beam subjected to a
harmonic moving load.

Although, integral transformations like Fourier or Laplace transforms are powerful tools for analyzing beams under mov-
ing loads, however, these methods are usually suitable for simple continuous beams. In reality, a bridge is made of different
members and a more flexible method like the finite element method (FEM) is needed to better cope with the real problem.
Wu et al. [9] used finite element technique to analyze a crane under a moving load. Anderson et al. [10], combined FEM and
the boundary element method in order to analyze a 2D domain. Martinez-Castro et al. [11] proposed a new semi-analytic
solution of non-uniform Bernoulli–Euler beams under a moving load. They used ordinary Hermitian shape functions for
modeling the beam. Using the classical FEM for the spatial discretization imposes some errors in the calculation of the dy-
namic response [12–14]. Some of these errors cannot be eliminated by making the size of elements smaller [13]. On the other

0307-904X/$ - see front matter � 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.apm.2011.10.019

⇑ Corresponding author.
E-mail addresses: n.azizi@cv.iut.ac.ir, nima.azizi59@gmail.com (N. Azizi).

Applied Mathematical Modelling 36 (2012) 3580–3592

Contents lists available at SciVerse ScienceDirect

Applied Mathematical Modelling

journal homepage: www.elsevier .com/locate /apm

http://dx.doi.org/10.1016/j.apm.2011.10.019
mailto:n.azizi@cv.iut.ac.ir
mailto:nima.azizi59@gmail.com
http://dx.doi.org/10.1016/j.apm.2011.10.019
http://www.sciencedirect.com/science/journal/0307904X
http://www.elsevier.com/locate/apm


hand in order to evaluate the response of structures subjected to a load with high frequency contents, the size of the ele-
ments should be very small [12].

Recently, the FFT based spectral element method (SEM) [15–19] has been widely used in the dynamic analysis of struc-
tures. This method is based on solving the differential equations in the frequency domain for obtaining the shape functions of
the element. These shape functions are utilized to evaluate the dynamic stiffness matrix which is used to calculate the re-
sponses of the systems subjected to arbitrary external loads in frequency domain. Subsequently, the results in the time do-
main are evaluated by using the inverse of FFT [18,19].

A thorough literature survey indicates that the SEM is not directly used to analyze frame structures like bridges which are
subjected to a moving load with an arbitrary amplitude and speed. In the work of Henchi et al. [20] dynamic stiffness matrix
is used to calculate the exact undamped mode shapes and the natural frequencies for continuous beams. They have used
modal analysis and FFT method to solve modal equations and evaluate the response.

In the present paper, first the spectral element formulation is developed to analyze a bridge under a moving load, and
then it is shown that through a modification, better results can be obtained. This modification greatly improves the accuracy
of the shear force and the moment diagrams of the beams.

2. Theoretical formulation

The differential equation of motion of an Euler beam depicted in Fig. 1 is [18,19]

qA
@2W
@t2 þ gA

@W
@t
þ EI

@4W
@~x4 ¼ f ð~x; tÞ; ð1Þ

where W is the lateral displacement of the beam. q, A, E, I, g are the density, the area of the cross section of the beam, Young’s
modulus, the moment of inertia and viscous damping per unit volume, respectively. f ð~x; tÞ is an arbitrary external load. Using
continuous Fourier transformation with zero initial conditions, Eq. (1) transforms to

ðigAx� qAx2ÞcW þ EI
@4cW
@~x4 ¼ f̂ ð~x;xÞ; ð2Þ

where i ¼
ffiffiffiffiffiffiffi
�1
p

, x is frequency and cW ; f̂ are the lateral displacement and the loading function in the frequency domain.
Using discrete Fourier transformation (Eq. (3)), Eq. (2) can be rewritten as Eq. (4) [18]

cW ð~x;xnÞ ¼ DT
XN�1

m¼0

Wmð~xÞe
�2ipnm

N ; ð3Þ

ðigAxn � qAx2
nÞcW þ EI

@4cW
@~x4 ¼ f̂ ð~x;xnÞ; ð4Þ

where DT is the time interval for sampling, N is is the total number of points in the sampling and xn is frequency in discret-
ized form. In the ordinary SEM, in order to evaluate shape functions, the homogeneous differential equation is solved. For a
beam element with four degrees of freedom and length l, Fig. 1, the shape functions can be derived using Eq. (4) with the
right side equal to zero [17–19].

In terms of nodal displacements, the lateral displacement is

cW ¼
X4

j¼1

bNjŵj; ð5Þ

where bNj; ŵj are the shape functions and the nodal values in frequency domain.
The boundary conditions are

Fig. 1. Beam element and local degrees of freedom.
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