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ARTICLE INFO ABSTRACT

Article history: Recently, fuzzy linear regression is considered by Mosleh et al. [1]. In this paper, a novel
Received 25 September 2010 hybrid method based on fuzzy neural network for approximate fuzzy coefficients (param-
Received in revised form 17 April 2011 eters) of fuzzy polynomial regression models with fuzzy output and crisp inputs, is pre-
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computing or soft computing. Moreover, in order to find the approximate parameters, a
simple algorithm from the cost function of the fuzzy neural network is proposed. Finally,
we illustrate our approach by some numerical examples.
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1. Introduction

The concept of fuzzy numbers and fuzzy arithmetic operations were first introduced by Zadeh [2], Dubois and Prade [3].
We refer the reader to [4] for more information on fuzzy numbers and fuzzy arithmetic.

Regression analysis is of the most popular methods of estimation. It is applied to evaluate the functional relationship be-
tween the dependent and independent variables. Fuzzy regression analysis is an extension of the classical regression analysis
in which some elements of the model are represented by fuzzy numbers. Fuzzy regression methods have been successfully
applied to various problems such as forecasting [5-7] and engineering [8]. Thus, it is very important to develop numerical
procedures that can appropriately treat fuzzy regression models.

In the literature, several papers have addressed the issue of regression under fuzzy environment. Tanaka et al. [9] first
formulated a linear programming problem to determine the regression coefficients as fuzzy numbers. Later, Tanaka [10],
Tanaka and Watada [11] and Tanaka et al. [12] made some improvements. Kao and Chyu [13] the concept of least squares
which was widely applied in the classical regression analysis was adopted to determine the regression coefficients. Very
recently, Mosleh et al. [1] proposed a learning algorithm of fuzzy neural network with crisp inputs, fuzzy weights and fuzzy
output for adjusting fuzzy weights of fuzzy linear regression model of the form

Yi=Ao+Aixiy + - + AnXin,

where i indexes the different observations, X1, Xp., ..., X € R, all coefficients and Y; are fuzzy numbers. In this paper, firstly,
the method of neural network under fuzzy environment is introduced. Then the approach of obtaining the estimates of the
regression coefficients is described next. Three examples to illustrate how to apply the proposed method to determine the
regression polynomials for fuzzy observations are described. The advantages of the proposed method over some other meth-
ods are discussed in follows.
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Ishibuchi et al. [14] proposed a learning algorithm of fuzzy neural networks with triangular fuzzy weights and Hayashi
et al. [15] fuzzified the delta rule. Buckley and Eslami [16] consider neural net solutions to fuzzy problems. The topic of
numerical solution of fuzzy polynomials by fuzzy neural network investigated by Abbasbandy and Otadi [17], consists of
finding solution to polynomials like a;x + axx? + - - - + a,x" = ap where x € R and dao,as, . . .,d, are fuzzy numbers, and finding
solution to systems of s fuzzy polynomial equations such as [18]:

fi(x1,X2,..., %) = @y,
ﬁ(X17X27"'7X11) = (1107

fs(X17X2,...,Xn) = Uso,

where Xq,Xa,...,X, € R and all coefficients are fuzzy numbers.
In this paper, we first propose an architecture of fuzzy neural network (FNN) with fuzzy weights for real input vectors and
fuzzy targets to find approximate coefficients to fuzzy polynomial regression model
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Yi=Ap+ ZAUXU’ + Z ZAlijinik ey
= =1 k=1

where i indexes the different observations, x;1, X, . .., X € R, all coefficients and Y; are fuzzy numbers. The input-output
relation of each unit is defined by the extension principle of Zadeh [2]. Output from the fuzzy neural network, which is also
a fuzzy number, is numerically calculated by interval arithmetic [19] for fuzzy weights and real inputs. Next, we define a cost
function for the level sets of fuzzy outputs and fuzzy targets. Then, a crisp learning algorithm is derived from the cost func-
tion to find the fuzzy coefficients of the fuzzy polynomials regression models.

2. Preliminaries

In this section the basic notations used in fuzzy calculus are introduced. We start by defining the fuzzy number.
Definition 1. A fuzzy number is a fuzzy set u: R' — I = [0, 1] such that

i. u is upper semi-continuous;
ii. u(x) =0 outside some interval [a,d];
iii. There are real numbers b and ¢, a < b < ¢ < d, for which
1. u(x) is monotonically increasing on [a,b],
2. u(x) is monotonically decreasing on [c,d],
3. u(x)=1b<x<c.

The set of all the fuzzy numbers (as given in Definition 1) is denoted by E'.
An alternative definition which yields the same E! is given by Kaleva [20], Ma et al. [21].

Definition 2. A fuzzy number u is a pair (u, u) of functions u(r) and ti(r), 0 < r < 1, which satisfy the following requirements:

i. u(r) is a bounded monotonically increasing, left continuous function on (0,1] and right continuous at 0O;
ii. 1u(r) is a bounded monotonically decreasing, left continuous function on (0, 1] and right continuous at 0;
iii. u(ry<u(r), 0<r< 1.

A crisp number r is simply represented by u(a) = fi(x) = r, 0 < o < 1. The set of all the fuzzy numbers is denoted by E'.
A popular fuzzy number is the triangular fuzzy number u = (u,,, u;, u,) where u,,, denotes the modal value and the real val-
ues u; > 0 and u, > 0 represent the left and right fuzziness, respectively. Its parametric form is

u(e) =um +w(a—1), u(o) =un+u(l—a).
Triangular fuzzy numbers are fuzzy numbers in LR representation where the reference functions L and R are linear. The set
of all triangular fuzzy numbers on R is called FZ.

2.1. Operations on fuzzy numbers

We briefly mention fuzzy number operations defined by the extension principle [2]. Since input vector of feedforward
neural network is fuzzified in this paper, the following addition, multiplication and nonlinear mapping of fuzzy numbers
are necessary to define our fuzzy neural network:
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