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Abstract

In this paper we consider a nonlinear reaction—diffusion—-chemotaxis model for the description of the spatiotemporal
evolution of the bacteria of the type Paenibacillus dendritiformis on a thin layer of agar in a Petri dish. We perform a trav-
eling wave analysis for the model equation showing the existence of traveling wave solutions, in particular, the sharp wave
front type solutions with minimum speed. Further, we present numerical investigations for a special case. The minimum
speed is estimated and the profile of the traveling wave solution is calculated and compared for different numerical
methods.
© 2006 Elsevier Inc. All rights reserved.

MSC: 35K57; 35A40; 37C45

Keywords: Reaction; Diffusion; Chemotaxis; Bacterial pattern formation; Traveling waves

1. Introduction

Many biological systems exhibit the phenomenon of self-organization, whereby complex spatiotemporal
patterns emerge from the biological processes occurring within the system. One of these systems is the spatio-
temporal patterning behavior in bacterial colonies (see [1-8]) whose study has important implications in bio-
technology and related areas.

In this paper we consider a mathematical model for studying pattern formation by bacterial colonies exem-
plified by the growth of bacteria of the type Paenibacillus dendritiformis on a thin layer of agar in a Petri dish
[9]. These bacteria cannot move on a dry surface, and produce a layer of lubricating fluid in which they swim.
In a uniform layer of liquid, bacterial swimming is a random process which can be approximated by diffusion.
The lubrication fluid flows by convection caused by motion of the bacteria and diffusion. The availability of
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nutrients affects the reproduction of bacteria, the production of lubrication fluid, and the withdrawal of bac-
teria into a pre-pore state. The bacteria consume the nutrients. A continuum approach to the dynamics leads
to a model comprising three coupled reaction—diffusion equations with unknowns: the density of the bacteria
u, the height of the lubrication layer w, and the available nutrient n, respectively. Considering the density of
bacteria in the pre-pore state optionally give rise to a forth equation. Under simplifying assumptions, the var-
iable w can be eliminated. This leads [9] to the equation for the bacterial field

Ou =V - (wVu) + R,

where V denotes the standard differential operator in the two space dimension, and R the nett effect of repro-
duction and withdrawal of bacteria. The term R vanishes when u = 0, and depends monotonically on # in such
a way that it is a source when n exceeds some critical nutrient level and a sink when # falls below this level.
When chemotaxis is taken into account, the equation becomes

Qu =V - (o Vu — By y(z)Vz) + R,

where z denotes the concentration of the chemical responsible for the chemotaxis, y(z)Vz the chemical gradi-
ent sensed by the bacteria, and Sy a constant which is positive for attraction and negative for repulsion [9].
Assuming that the motion is in one-dimension, the chemical gradient is uniform, and R := ru(1 — u¥) give rise
to equation [10]

Ou = Oy (0wl Oput) — PuFdu + ru(l — ub).

This reaction term embodies the properties described previously under the simplifying assumption that the
nutrient level is appropriately related to the bacterial density. The value of the bacterial density corresponding
to the critical nutrient level is normalized to u = 1.

The purpose of this paper is to examine analytically and numerically the traveling wave problem for the
following version of the model equation

Ou = ax(ukaxu) — Pudu + u(l — uf), (1)

where k, g > 0 and § > 0 are constants. In Section 2, we perform the traveling wave analysis showing the exis-
tence of sharp and non-sharp traveling wave solutions. In Section 3, we present numerical computations for a
special case. Section 4 contains conclusion.

2. Traveling wave analysis
We look for traveling wave solutions u(x,¢) = u(z) of (1), with z = x — ¢t where ¢ > 0 is a traveling wave
speed. Thus, if a traveling wave solution u(z) of (1) exists, then it must satisfy the following second order ODE
—cdu = d.(ud.u) — Bud.u + u(1 — u) (2)
and the boundary conditions
u(—o0o)=1 and u(+o00)=0. (3)

with 0 < u(z) < 1 Vz € (—o0, +00).
To study the existence of traveling wave solutions for (1) we will analyze the corresponding phase trajectory
equation of the ODE system associated with (2). Rewriting (2) as follows:

—c' o = v d(F do) + (F o) — Bud T dou + (1 — )
and setting

v=—u""d.u, (4)
we have the following system of ODE:

du = —u'v,

ubdv = (—c + v)v + Puv + (1 — u?).
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