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1. Introduction

In this paper, we are concerned with the uniform decay rates of solutions for the wave equation:

u — Au+p(u') =0 in 2 x (0,4+00),

u=0 on I'p x (0,+00),

Oou ,

5 = ° on It x (0,+00), (1.1)
u' + f(x)2" — PArz+g(x)2 + h(z)z =0 on I x (0,+00),

u(x,0) = up(z), v (z,0) = uy (x) in £,

z(x,0) = zo(x) on I,

where (2 is a bounded domain of R™(n > 2) with smooth boundary I' = I'y U I'y. Here, I'y and I'y are closed
and disjoint with meas(Iy) > 0, and v represents the outward normal to I'. ' denotes the derivative with
respect to time ¢, A and A are the spatial Laplace and Laplace-Beltrami operators, respectively.

The models with acoustic boundary conditions have been widely investigated (see [1-5] and a list of

references therein). Recently, Frota et al. [6] studied the uniform stability of wave equation with the boundary
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(1.1)3—(1.1)4, which is called the acoustic boundary conditions to nonlocally reacting boundary. This is a new
physical formulation to the acoustic conditions. Since then, the problem with nonlocally reacting boundary
has been studied by some authors (cf. [7-9]). However, all of the mentioned references showed the exponential
or polynomial decay rates.

Motivated by previous works, the goal of this paper is to prove the general decay estimates for the wave
equation with acoustic boundary conditions in domains with nonlocally reacting boundary. This paper is
organized as follows: In Section 2, we give the hypotheses to prove our main result and introduce the energy
decay theorem. In Section 3, we prove the general decay rates of (1.1).

2. Preliminaries

We begin this section introducing some notations and our main result. Throughout this paper we define
the Hilbert space H = {u € H'(2); Au € L*(2)} with the norm |Jul|4 —(Hu||%,1(m + ||Au||2)% Moreover
LP(£2)-norm and LP(I")-norm are denoted by || - ||p and || - ||, r, respectlvely, and (u,v) = [, u(z)v(x)dr,
(u,v)r = [pu(z)v(z)dl. Denoting vo : H'(£2) — Hz(I') and v, : H — H~2(I') the trace map of order Zero
and the Neumann trace map on H, respectively, we have vo(u) = u|p and v (u) = ( 1) for all u € D(£2).
We denote W = VN H3(2), where V = {u € H}(£2);7(u) =0 on I}}. By Poincaré’s inequality, the norm
Jullvy = (3 [o (5 (2w de) 2 is equivalent to the usual norm from H'({2). Since I'1 is a compact manifold
without boundary, 1t is possible to use norms in the spaces H'(I}) and H?(I}) by using the tangential
gradient and the Laplace-Beltrami operator, respectively. Indeed, we consider the space H'(I';) endowed
with the norm ”ZH%P(H) = ||zl13.p, +[IV22]|3 1, , where V7 is the tangential gradient, and H?(I) equipped
with the norm ||Z||%12(F1) = ||Z||gr1 + ||AFZ||§,1‘1~

Now we give the hypotheses for the main result.

(H;) Hypotheses on (2.

Let 2 C R™ be a bounded domain with smooth boundary I' = I’y U I';. Here Iy and I are closed and

disjoint with meas(Iy) > 0, satisfying the following condition:

m-v>0>0 only, m-v<0only, m(x)=az—2"z"cR"), (2.1)
where v represents the unit outward normal vector to I.

(Hz2) Hypotheses on p.
Let p : R — R be a nondecreasing C! function such that p(0) = 0 and suppose that there exists a strictly
increasing and odd function 3 of C?! class on [—1,1] such that

1B(s)] < [p(s)] <87 (s)] if |s] <1, (2.2)
Cils| < lo(s)] < Cals| i |s| > 1, (2.3)
where 37! denotes the inverse function of 8 and C;, Cy are positive constants.

(Hz) Hypotheses on f, g, h
Assume that f, g, h are essentially bounded satisfying f(x), g(z), h(z) > 0 for x € Iy, that is, there exist
positive constants f;, g;, h; (i = 0,1) such that

fo < fx) < f1, go < g(z) < g1, ho < h(z) < h; forall xz € It. (2.4)
Considering above hypotheses, we have the following result: Assume that (H;)—(Hs) hold and let
(ug,u1,20) € W x V. x H%(I'1). Then there exists a unique pair of function (u, z) in the class
we LS(0,00V N H(2)), W € Lo(0,00:V), o € LiS,(0, 00 LA(R2)),
z € L0, 00; H*(I1)), 2 € Li2.(0,00; H' (1)), 2" € L§2.(0,00; L*(I1)),
that is a solution to the problem (1.1). The proof of the above existence result can be obtained by
Faedo—Galerkin method (see [7,6]) and we will omit it.
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