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1. Introduction

Empirical studies suggest that the volatility should be modeled as a stochastic process. Thus the study
of portfolio selection under a stochastic volatility becomes a very important topic in modern finance. The
works on portfolio selection under stochastic volatility without consumption can be found in [1-5] and the
references therein. Works on portfolio selection under stochastic volatility with consumption are also available
in the literature. Fleming and Hernandez-Hernandez studied the case when the volatility is governed by two
independent Brownian motions [6]. Chacko and Viceira developed an approximate solution for the case of an
infinite investment horizon and obtained exact solutions for certain special cases [7]. Noh and Kim developed
a perturbation solution for the consumption strategy in an infinite horizon [8]. Liu studied this problem in
a general setting and derived the solutions for certain special cases [9]. In practical applications, one needs
to consider portfolio optimization with consumption in a finite time horizon. However, to obtain numerical
solutions for this problem is difficult and complicated. In this letter, we develop closed-form approximate
solutions for the optimal asset allocation strategy and the optimal consumption strategy under maximization
of expected power utility. We show that our theoretical predictions are in surprisingly good agreement with
the exact numerical solutions.
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2. Governing equations

We consider a market which consists of a riskless asset B and a risky asset S. B and S are governed by
dB =rBdt and dS; = S;(u(ve) + o dW),

where r is a constant risk-free return rate, v, is the stochastic variance of S and p(v;) is the return of S.
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Following Merton [10] and Heston [11], we assume that A
dUt = H(e — ’Ut)dt + fﬁdwtvv

is a constant. v; is governed by

where dW? and dW;® are the increments of Wiener processes and have a constant correlation p, § is the long
run average volatility, x is the rate at which v; reverts to ¢ and § is the variance of \/v;. The parameters
K, 0, & are positive constants and need to satisfy the Feller condition, 2k6 > £2, to ensure that v, is strictly
positive.

An investor with an initial wealth wg has the constant relative risk aversion (CRRA) utility function
given by u(z) = (1 — )~ 12!~ where v is a constant with v > 0. The investor’s objective is to maximize

T
sup E / e Plu(ey)dt + (1 — a)e PTu(wr) |, (2.1)
0
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where ¢pw; is the wealth allocated to the risky asset S, (1 — ¢¢)w; is the wealth allocated to the riskless
asset B, c¢; is the consumption rate at time ¢, E is the expectation and 3 is the subjective discount rate.
«a measures the relative importance of the intermediate consumption and the terminal wealth. The wealth
process is

dw; = thwtst_ldst + (1 = ¢p)wyrdt — cidt.

We will follow the Hamilton—Jacobi-Bellman (H-J-B) dynamic programming approach to solve this
optimization problem. Let V' be the value function. By the conjecture V (¢, w,v) = e’ﬁt%f(v,t)”f, the
H-J-B equation for f is [9]

f2
— fr + a1vfou + (a2v +a3) fo + a4v7” + (asv+ae)f+ a

2=

=0 (2.2)

with f(7 =0,v) = (1 — a)%, where 7 =T —t and
a; = £2/2, ay = (1 =)y 1 pA¢ — &, az = K0, ag = (v — 1)1 - p»)/2,
as= (1= ?A%/2,  ag=(1—y)y"'r—Py" and ar=E(y+p° —p%)/2
The strategies that optimize Eq. (2.1) are
¢ =avwf™ and ¢* = Ay + pefTH(F)o (2.3)

Liu derived closed-form solutions of Eq. (2.2) for two special cases: no consumption (o = 0) or dW,* and
dWpP are perfectly correlated or anti-correlated (p = 1) [9]. In this letter, we consider general values of «
and p, namely, 0 < o <1 and —1 < p < 1. Unfortunately, there is no general solution of Egs. (2.2) and (2.3).
Numerical computation has been the only available method to determine the solution.

3. Our closed-form approximate solution

The difficulty in obtaining a closed-form solution for f is rooted from the coexistence of two factors.

The first factor is the inhomogeneous term oﬁ, %nd the second one is the high-order derivative and the

nonlinearity, namely, the terms aivf,, and aw% appearing in Eq. (2.2). Our approach is to deal with



Download English Version:

https://daneshyari.com/en/article/1707511

Download Persian Version:

https://daneshyari.com/article/1707511

Daneshyari.com


https://daneshyari.com/en/article/1707511
https://daneshyari.com/article/1707511
https://daneshyari.com

