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a b s t r a c t

Particular solutions play a critical role in solving inhomogeneous problems using boundary
methods such as boundary element methods or boundary meshless methods. In this short
article, we derive the closed-form particular solutions for the Laplace and biharmonic op-
erators using the Gaussian radial basis function. The derived particular solutions are im-
plemented numerically to solve boundary value problems using the method of particular
solutions and the localized method of approximate particular solutions. Two examples in
2D and 3D are given to show the effectiveness of the derived particular solutions.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

In the literature of the boundary element method, the Dual Reciprocity Method (DRM) has been developed to avoid the
domain integration. To successfully implement the DRM [1], a closed-form particular solution is essential. A great deal of
effort has been devoted to derive the closed-form particular solution using radial basis functions (RBFs) [2–4]. In recent
years, various types of meshless methods using radial basis functions (RBFs) have been developed to efficiently solve partial
differential equations. Among them, the method of particular solutions (MPS) [5,6], the localized method of approximate
particular solutions (LMAPS) [7], and MFS-MPS [8] are the meshless collocation methods which require the use of closed-
form particular solutions as the basis functions in the solution process. Hence, the closed-form particular solutions become
the core of these particular solutions basedmeshlessmethods. The importance of the closed-form particular solutions to the
abovementionedRBF-basedmeshlessmethods is analogous to the fundamental solutions to the boundary elementmethods.

The Gaussian RBF has beenwidely used in the area of neural networks [9]. However, the Gaussian RBF is rarely being used
for solving partial differential equations [10]. In the RBF literature, the closed-form particular solutions using MQ, polyhar-
monic splines, and compactly supported radial basis functions have beenderived for the abovementionedparticular solution
based meshless collocation methods [2,11,3,4]. In the past, the closed-form particular solution for the Laplace operator us-
ing the Gaussian as a basis function was not available due to the difficulty of the integration involving the Gaussian RBF. In
recent years, the symbolic computational tools such as MATHEMATICA and MAPLE have made the difficult integration task
possible. Furthermore, the evaluations of special functions such as Bessel functions, error function and exponential integral
functions are available as library functions or built-in functions in many computational platforms such as MATLAB, FOR-
TRAN and C++. These special functionswhich often involve infinite series have been considered as the closed-form functions
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and can be evaluated efficiently and accurately. Motivated by the availability of these new computational tools, we re-
investigate the possibility of deriving the particular solutions for various differential operators using the Gaussian RBF.

The main goal of this study is to focus on the derivation of the closed-form particular solutions using the Gaussian RBF.
For the numerical implementation using the MPS and LMAPS, we refer readers to Refs. [5–7] for further details. To validate
the particular solutions we derive in this short article, we apply the MPS for a 2D problem and LMAPS for a 3D problem.
Note that the MPS is a global RBF meshless method and LMAPS is a localized meshless method which is capable of handling
a large number of collocation points.

The structure of the paper is as follows. In Section 2, we derive the particular solutions of Laplace and biharmonic
differential operators in 2D and 3Dusing theGaussian RBF. In Section 3,we perform the test on two examples to demonstrate
the effectiveness of the derived particular solutions. Some concluding remarks are placed in the last section.

2. Particular solution

In this section, we will derive the solution to the inhomogeneous Laplace and biharmonic operators with a Gaussian RBF
right hand side.

2.1. Particular solution for Laplace operator

Theorem 1. Let φ(r) = exp(−cr2), c > 0, and ∆Φ(r) = φ(r) in 2D. Then,

Φ(r) =


1
4c

Ei(cr2) +
1
2c

log(r), r ≠ 0,

−1
4c

(γ + log(c)), r = 0,
(1)

where

Ei(x) =


∞

x

e−u

u
du, (2)

and γ ≃ 0.5772156649015328 is the Euler–Mascheroni constant [12]. Note that Ei(x) is the special function known as the
exponential integral function [12].

Proof. Suppose

∆Φ = exp(−cr2). (3)

In polar co-ordinates in 2D, for radial invariant functions we have

∆ =
1
r

d
dr


r
d
dr


. (4)

By direct integration on both sides of (3), we have

r
dΦ
dr

=


r exp(−cr2)dr

= −
1
2c

exp(−cr2) + C0. (5)

It follows that

Φ(r) =
1
4c

Ei(cr2) + C0 log(r) + C1, (6)

where C0 and C1 are integration constants. Note that [12]

Ei(cr2) = −γ − log(cr2) + cr2 +
c2r4

4
+ O(r5), (7)

which contains a singular term at r = 0. By choosing the integration constant C0 = 1/2c , we can de-singularize Φ(r) in (6).
Another integration constant C1 in (6) can be chosen arbitrarily. For convenience, we set C1 = 0. Hence,Φ(r) in (1) is proved.

Furthermore,

lim
r→0

Φ(r) = lim
r→0


1
4c

Ei(cr2) +
1
2c

log(r)


= −
1
4c

(γ + log(c)) . �
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