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a b s t r a c t

In the inverse scattering problem, it is well-known that subspace migration yields very ac-
curate locations of small perfectly conducting crackswhen the applied frequency is known.
In contrast, when the applied frequency is unknown, inaccurate locations are identified
via subspace migration with wrong frequency data. This phenomenon has been examined
experimentally; however, the reason for its occurrence has not been theoretically investi-
gated. In this study, we analyze the mathematical structure of subspace migration with an
unknown frequency by establishing a relationship with Bessel functions of order zero of
the first kind. The identified structure of subspacemigration and the corresponding results
of numerical simulations provide reasons for why subspace migration with an unknown
frequency yields an inaccurate crack location and ideas for improvement.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

It is well-known that subspace migration is a fast, effective, and stable non-iterative location search algorithm for small
perfectly conducting cracks in the inverse scattering problem (see [1–3] for instance). However, the applied-frequency infor-
mationmust be known for successful application. Therefore,many studies assumed that the applied frequency is known and
investigated certain properties of single- and multi-frequency subspace migration algorithms (see [4–8] and the references
therein).

However, if one has no a priori information regarding the applied frequency, subspace migration is inadequate for the
detection of unknown targets. Particularly, for the problem of finding the locations of cracks, some information about the
location can be examined, but identifying the exact location is still impossible. Unfortunately, this fact has been heuristically
examined through the results of numerical simulations; thus, as far as we know, a mathematical analysis of subspace
migration is still needed. This provides the motivation for this study to analyze the structure of subspace migration and
to develop an algorithm for finding the exact locations of cracks.

In this manuscript, we extend the research in [4,5] on a structural analysis of subspace migration with unknown fre-
quency information. This is based on the fact that the singular vectors associatedwith the nonzero singular values of aMulti-
Static Response (MSR)matrix can be represented by an asymptotic expansion formula in the existence of cracks. Throughout
the careful derivation, we identify that the subspace migration imaging functional can be represented by the square of the
Bessel function of order zero of the first kind. On the basis of this representation, we investigate the reason the inexact
locations of cracks are identified via subspace migration and develop a simple algorithm for finding the exact locations.
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This paper is organized as follows. In Section 2, we survey two-dimensional direct scattering problems, the asymptotic
expansion formula in the presence of small perfectly conducting cracks, and subspacemigration. In Section 3, we investigate
the structure of subspacemigrationwith an unknown applied frequency by establishing a relationship with the Bessel func-
tion of order zero of the first kind. Furthermore, we propose an exact location search algorithm by creating a small scatterer.
Section 4 presents somenumerical simulation results to support our investigation, and Section 5 presents a short conclusion.

2. Preliminaries

In this section, we briefly introduce two-dimensional direct scattering problems in the presence of small, linear, perfectly
conducting cracks, the asymptotic expansion formula, and subspace migration.

2.1. Direct scattering problems and the asymptotic expansion formula

First, we consider two-dimensional electromagnetic scattering byM different linear perfectly conducting crackswith the
same small length 2ℓ whose center is at zm, denoted by Γm,m = 1, 2, . . . ,M , located in the homogeneous space R2. For the
sake of simplicity, we denote Γ to be the collection of Γm. In this paper, we assume that the cracks represented by Γm are
sufficiently separated from each other.

Let utot(x, θ) satisfy the following Helmholtz equation:
△utot(x, θ) + ω2utot(x, θ) = 0 in R2

\ Γ

utot(x, θ) = 0 on Γ ,
(1)

where ω = 2π/λ denotes the unknown angular frequency with a wavelength λ such that ℓ ≪ λ. Here, we assume that
ω is positive definite, and ω2 is not an eigenvalue of (1). We denote uinc(x, θ) = exp(iωθ · x) as the incident plane wave
with the direction θ on the two-dimensional unit circle S1 and uscat(x, θ) as the unknown scattered field, which satisfies the
Sommerfeld radiation condition

lim
|x|→∞

|x|1/2


∂uscat(x, θ)
∂|x|

− iωuscat(x, θ)


= 0,

uniformly in all directions x̂ = x/|x|.
The far-field pattern u∞(x̂, θ; ω) defined on S1 can be expressed in the form

uscat(x, θ) =
eiω|x|

|x|1/2


u∞(x̂, θ; ω) + O


1
|x|


,

uniformly in all directions x̂ = x/|x|, and |x| −→ +∞. Then, on the basis of [9], the far-field pattern can be represented as
the following asymptotic expansion formula.

Lemma 2.1 (Asymptotic Expansion Formula [9]). For 0 < ℓ < 2 and ℓ ≪ λ, the far-field pattern can be represented as follows:

u∞(x̂, θ; ω) = −
2π

ln(ℓ/2)

M
m=1

uinc(zm, θ; ω)uinc(zm, x̂; ω) + O


1
| ln ℓ|2



= −
2π

ln(ℓ/2)

M
m=1

exp

iω(θ − x̂) · zm


+ O


1

| ln ℓ|2


. (2)

2.2. Introduction to subspace migration

At this point, we apply (2) to explain an imaging technique known as subspace migration. From [1], subspace migration
is based on the structure of the singular vectors of the collected MSR matrix:

K =


u∞(ϑj, θl)

N
j,l=1

=


u∞(ϑ1, θ1) u∞(ϑ1, θ2) · · · u∞(ϑ1, θN)
u∞(ϑ2, θ1) u∞(ϑ2, θ2) · · · u∞(ϑ2, θN)

...
...

. . .
...

u∞(ϑN , θ1) u∞(ϑN , θ2) · · · u∞(ϑN , θN)

 ,

where u∞(ϑj, θl) is the far-field pattern with the incident direction θl and observation direction ϑj for j, l = 1, 2, . . . ,N . For
the sake of simplicity, we assume that the incident and observation directions coincide, i.e., ϑj = −θj. Then, because the jlth
element of the MSR matrix can be represented as

u∞(−θj, θl) = −
2π

ln(ℓ/2)

M
m=1

exp

iω(θj + θl) · zm


,
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