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a b s t r a c t

This paper proposes an accurate dense output formula for exponential integrators. The
computation of matrix exponential function is a vital step in implementing exponential
integrators. By scrutinizing the computational process of matrix exponentials using the
scaling and squaring method, valuable intermediate results in this process are identified
and then used to establish a dense output formula. Efficient computation of dense outputs
by the proposed formula enables time integrationmethods to set their simulation step sizes
more flexibly. The efficacy of the proposed formula is verified through numerical examples
from the power engineering field.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Exponential integrators are a class of time integration methods for differential equations and are especially suitable for
stiff equations [1]. For the initial value problems

u′ (t) = F (u (t)) , u (t0) = u0, (1)

these methods perform a linearization procedure on the original problem,

u′ (t) = F (u (t)) = Au (t) + g (u (t)) , (2)

to extract a matrix A that retains the stiffness property. The associated matrix exponential and ϕ functions are embedded
into integration schemes, and the nonlinear remainder g (u (t)) is then treated approximately. The ϕ functions are defined
as follows [1,2]:

ϕ0 (z) = ez, (3)
ϕk (z) = zϕk+1 (z) + 1/k!. (4)

For the linear differential equations with polynomial inhomogeneity (as a truncated Taylor expansion of (2)),

u′ (t) = Au (t) +

p
k=0

gk/k! (t − t0)k , u (t0) = u0, (5)
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their solution can be expressed exactly using the matrix exponential and the ϕ functions [2], as follows:

u (t) = e(t−t0)Au0 +

p
k=0

(t − t0)k+1 ϕk+1 ((t − t0)A) gk. (6)

The introduction of the matrix exponential and ϕ functions into the integration schemes allows for the analogous linear
problem (5) to be analytically solved, which thus provides the exponential integrators with better numerical performance
over that of traditionalmethods. However, the computational burdenper step also grows. In spite of breakthroughs that have
been achieved in recent years [3–5], matrix exponential-related functions are more computationally intense compared to
the solution of a linear system that has the samedimension. For applications in the engineering fields, certain supplements to
the algorithmic implementation are required to fit the intrinsic properties of exponential integrators to the actual demands
of engineering analysis. The development of the dense output formula is one possible approach to facilitate engineering
applications of exponential integrators.

In engineering applications, the choice of the time integration step size involves consideration of both the numerical re-
quirements, i.e., the deviation of the solution at selected time discretization nodes, and the non-numerical constraints, such
as visualization requirements for the simulation results. Since simulation is typically not the final stage of the entire analysis
process, the simulation result itself is an input to subsequent analysis stages (‘‘advanced applications’’), such as in a frequency
spectrum scan, which often demands a certain density in time discretization. In this case, for methods that offer high accu-
racy, such as exponential integrators, if the step size is chosen solely from a numerical perspective, an insufficient sampling
frequency is provided; if a smaller step size is adopted due to external constraints, then the computational cost is high and it
is difficult to competewith low-ordermethods. Taking power systemengineering as an example, the dominant time integra-
tion method in this field is the implicit trapezoidal rule [6]. More advanced and recent numerical methods are seldom used.

The dense output formula decouples the output step size from the computational step size, which therefore provides
flexibility in addressing the above-mentioned dilemma. For an interval [tn, tn+1] that is formed by consecutive time
discretization nodes (which is now chosen only for the numerical aspect), a dense output formula provides cheap outputs
on {tn,k|k = 0, 1, . . . , σ , s.t. tn,0 = tn, tn,σ = tn+1, tn,k+1 − tn,k = (tn+1 − tn)/σ }. Going one step further, if the accuracy
of these dense outputs does not deteriorate the overall simulation, it can be seen that the simulation step size shrinks to
1/σ , and the per-step computational cost is spread to these σ small steps. This action equivalently boosts the efficiency
of the exponential integrators and enables them to gain an edge in computational speed over low-order methods. Dense
output is also important in addressing other practical issues, such as event location and the treatment of discontinuities in
the simulation.

In this paper, a dense output formula that is embedded into the matrix exponential computational process is proposed.
Unlike other generic approaches, e.g., interpolation, our approach is tailored for exponential integrators and fully utilizes
the peculiar properties of the matrix exponential function. Our approach has a clear physical meaning and an efficient
implementation, and it can accurately recover the oscillatory dynamics between time discretization nodes. One of the most
widely used exponential integrators, the Exponential Rosenbrock–Euler (ERE) method [7,8], was chosen to demonstrate the
proposed approach.

2. Core steps of exponential integrators: ERE method as an example

The EREmethod is a Rosenbrock-type exponential integratorwith a stiff order of 2 [7,8]. For the general nonlinear system
(1), the ERE method performs continuous linearization along the numerical solution at each step, i.e.,

u′ (t) =
∂F
∂u

(un) u (t) +


F (u (t)) −

∂F
∂u

(un) u (t)


:= Anu (t) + gn (u (t)) , (7)

where un∈RN is the numerical approximation of the accurate u (tn). Using the variation-of-constant formula [1,2], the
following matrix exponential function is introduced:

u (t) = e(t−tn)Anu (tn) +

 t

tn
e(t−τ)Angn (u (τ )) dτ . (8)

For simplicity, gn (u (τ )) is approximated with gn (un) over the interval [tn, tn+1]. Let hn = tn+1 − tn, the ERE integration
scheme is derived as follows:

un+1 = ehnAnun + hnϕ1 (hnAn) gn (un) . (9)

In practice, a separate computation for ehnAn and ϕ1 (hnAn) is not required. Using a technique from [9], the computation of
ϕ1 (hnAn) is absorbed into a larger matrix exponential computation. The final integration formula is as follows:

u (tn+1) ≈ un+1 =

IN 0N×1


e
hn


An gn (un)

01×N 0

 
un
1


:=


IN 0N×1


ehnÃn ũn. (10)

Note that matrix

IN 0N×1


is a vector slicing operator that does not imply real matrix–vector multiplication.
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