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1. Introduction and main results

We consider the three dimensional incompressible flow of liquid crystals with the external time-independent force

ou
E—I—U«VU—MAU—I—VP:—Adiv(Vd@Vd)—i-fa, (1.1)
od 5

a+U-Vd:y(Ad—|Vd| d) + hy, (1.2)
divU =0, (1.3)

where U e R3 is the velocity, d € R? is the director field for the averaged macroscopic molecular orientations, P € R is
the pressure arising from the incompressibility, and they all depend on the spatial variable x € T? and the time variable t.
Positive constants w, A, y denote viscosity, the competition between kinetic energy and potential energy, and microscopic
elastic relaxation time or the Deborah number for the molecular orientation field, respectively. f,, and h,, denote two external
time-independent forces. The symbol Vd ® Vd denotes a matrix. It is easy to see that

Vd o Vd = (Vd)'Vd,
. |Vd|? T
div(Vd © Vd) = V — )+ (Vd) Ad, (1.4)

where (Vd)T denotes the transpose of the 3 x 3 matrix Vd.
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One of the most common liquid crystal phases is the nematic, where the molecules have no positional order, but they have
long-range orientational order (see e.g. [1-4]). Since the general Ericksen-Leslie system is very complicated, we only con-
sider a simplified model (1.1)-(1.3) of the Ericksen-Leslie system. It still retains most of the essential features (see e.g. [5-8]).
Both the Ericksen-Leslie system and the simplified one (1.1)-(1.3) describe the time evolution of liquid crystal materials
under the influence of both the velocity field u and the director field d. When system (1.1)-(1.3) driven by the external
time-independent force, a natural question is that the nonlinear stability for solutions of system (1.1)-(1.3). If the Deborah
number y > 0 is sufficiently small, this paper shows that the steady smooth solution (Uy, d,) is (LY, W'9) nonlinearly
stable in the sense of Lyapunov.

Assume that f, and h, depend smoothly on the parameter «.. This parameter can be chosen suitably so that (U, (x), d, (x),
De (X)) is the smooth solution to the following steady problem

U-VU — puAU + VP = —Adiv(Vd © Vd) + f,, (1.5)
U-Vd=y(Ad-f(d)+ hy, (1.6)
V.-U=0, (1.7)
lim uy,(x) =0, lim d,(x) =0.

[X|—>00 x| =00

We linearize system (1.1)-(1.2) about the steady state (u,, dy, p,) by writing
Ulx, t) = u(t, x) + Uy (%),
d(x, t) = z(t, X) + do (%),

p=P—p,.
Then, the deviation (u, z, p) from the stationary (u,, dy, p,) satisfies
au
3t —ulAu+uy,-Vu+u-Vu, +u-Vu+Vp
_ |Vz|? T T
= —-AV 5 — AV (|Vz||Vdy]) — AM(V2)' A(z +dy) — M(Vdy)' Az, (1.8)
0z
Py YAZ+ Uy -Vz4+u-Vdy, +u-Vz=—y|Vz|’z — y|Vz|’d, — y|Vde|?z — 2y |Vz||Vde|(z + d,), (1.9)
where u = (Uj)ij=123and V -u = (21-3:1 Oy, U1j, 21-3:1 Oy, Uaj, 21‘3:1 Oy Usz)".
We set
v=Vz, Vg = Vz,. (1.10)
Then we take the gradient of (1.9) and (1.4) to rewrite (1.8)-(1.9) as
au
m —plAu+u,-Vu+u-Vu, +u-Vu+Vp
v 2
= —AV <|2|) — AV([]|Vdy]) + A"V (v + vg) + 20L Vo, (1.11)

av
5—yAv—i—ua~Vv+vVua+u-Vva—i—vaVu—}—u-Vv—i—vVu

= —yV(vI’z + |vfde) — y V(IVda [’z + 2[0]|Vda|(z + da)), (1.12)
with the incompressible condition V - u = 0. Here we notice that
i<u-8—d'l>:%a—di+u-i(a—di>:(vVu+u-Vv)z, Vi,j,k=1,2,3.
ax, \ ' 9x; axe 8x; ) 9x; \ 9xg e - o
Note that the incompressible condition gives that V - (uv”™) = u - Vu +uV - u = u - Vu. So we obtain

du T T T
5—MAu+V~(uO{u )+ V.- (uu,)+V-(uu')+Vp

2
= AV (%) — AV([]|Vdy]) + A"V (v + vy) + 20V, (1.13)

9
8—;} —yAv+u,-Vo+ovVu, +u- Vo, +v,Vu+u- Vo +ovVu
= —yV(vl’z + [v]’de) — ¥ V(IVda|’z + 2[0||Vdy|(z + do)). (1.14)

We introduce the definition of Lyapunov stable and unstable about the three dimensional incompressible flow of liquid
crystals (see e.g. [9,10]).
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