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a b s t r a c t

This paper studies the nonlinear stability for the three dimensional incompressible flow of
liquid crystals. When the Deborah number γ is sufficiently small, we show that the linear
stability implies the nonlinear stability in (Lp(T3),W1,p(T3)) for all p ∈ (1, ∞).

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction and main results

We consider the three dimensional incompressible flow of liquid crystals with the external time-independent force

∂U
∂t

+ U · ∇U − µ△U + ∇P = −λdiv(∇d ⊙ ∇d) + fα, (1.1)

∂d
∂t

+ U · ∇d = γ (△d − |∇d|2d) + hα, (1.2)

divU = 0, (1.3)

where U ∈ R3 is the velocity, d ∈ R3 is the director field for the averaged macroscopic molecular orientations, P ∈ R is
the pressure arising from the incompressibility, and they all depend on the spatial variable x ∈ T3 and the time variable t .
Positive constants µ, λ, γ denote viscosity, the competition between kinetic energy and potential energy, and microscopic
elastic relaxation time or theDeborah number for themolecular orientation field, respectively. fα and hα denote two external
time-independent forces. The symbol ∇d ⊙ ∇d denotes a matrix. It is easy to see that

∇d ⊙ ∇d = (∇d)T∇d,

div(∇d ⊙ ∇d) = ∇


|∇d|2

2


+ (∇d)T△d, (1.4)

where (∇d)T denotes the transpose of the 3 × 3 matrix ∇d.

∗ Corresponding author at: College of Mathematics, Jilin University, Changchun 130012, PR China. Tel.: +86 18686632187.
E-mail address: yan8441@126.com (W. Yan).

http://dx.doi.org/10.1016/j.aml.2014.08.013
0893-9659/© 2014 Elsevier Ltd. All rights reserved.

http://dx.doi.org/10.1016/j.aml.2014.08.013
http://www.elsevier.com/locate/aml
http://www.elsevier.com/locate/aml
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aml.2014.08.013&domain=pdf
mailto:yan8441@126.com
http://dx.doi.org/10.1016/j.aml.2014.08.013


H. Li, W. Yan / Applied Mathematics Letters 39 (2015) 42–46 43

Oneof themost common liquid crystal phases is the nematic,where themolecules have nopositional order, but they have
long-range orientational order (see e.g. [1–4]). Since the general Ericksen–Leslie system is very complicated, we only con-
sider a simplifiedmodel (1.1)–(1.3) of the Ericksen–Leslie system. It still retainsmost of the essential features (see e.g. [5–8]).
Both the Ericksen–Leslie system and the simplified one (1.1)–(1.3) describe the time evolution of liquid crystal materials
under the influence of both the velocity field u and the director field d. When system (1.1)–(1.3) driven by the external
time-independent force, a natural question is that the nonlinear stability for solutions of system (1.1)–(1.3). If the Deborah
number γ > 0 is sufficiently small, this paper shows that the steady smooth solution (Uα, dα) is (Lq,W1,q) nonlinearly
stable in the sense of Lyapunov.

Assume that fα and hα depend smoothly on the parameterαc . This parameter can be chosen suitably so that (Uα(x), dα(x),
pα(x)) is the smooth solution to the following steady problem

U · ∇U − µ△U + ∇P = −λdiv(∇d ⊙ ∇d) + fα, (1.5)
U · ∇d = γ (△d − f (d)) + hα, (1.6)
∇ · U = 0, (1.7)
lim

|x|→∞

uα(x) = 0, lim
|x|→∞

dα(x) = 0.

We linearize system (1.1)–(1.2) about the steady state (uα, dα, pα) by writing
U(x, t) = u(t, x) + Uα(x),
d(x, t) = z(t, x) + dα(x),
p = P − pα.

Then, the deviation (u, z, p) from the stationary (uα, dα, pα) satisfies
∂u
∂t

− µ△u + uα · ∇u + u · ∇uα + u · ∇u + ∇p

= −λ∇


|∇z|2

2


− λ∇(|∇z||∇dα|) − λ(∇z)T△(z + dα) − λ(∇dα)T△z, (1.8)

∂z
∂t

− γ△z + uα · ∇z + u · ∇dα + u · ∇z = −γ |∇z|2z − γ |∇z|2dα − γ |∇dα|
2z − 2γ |∇z||∇dα|(z + dα), (1.9)

where u = (uij)i,j=1,2,3 and ∇ · u = (
3

j=1 ∂x1u1j,
3

j=1 ∂x1u2j,
3

j=1 ∂x1u3j)
T .

We set
v = ∇z, vα = ∇zα. (1.10)

Then we take the gradient of (1.9) and (1.4) to rewrite (1.8)–(1.9) as
∂u
∂t

− µ△u + uα · ∇u + u · ∇uα + u · ∇u + ∇p

= −λ∇


|v|

2

2


− λ∇(|v||∇dα|) + λvT

∇(v + vα) + λvT
α∇v, (1.11)

∂v

∂t
− γ△v + uα · ∇v + v∇uα + u · ∇vα + vα∇u + u · ∇v + v∇u

= −γ∇(|v|
2z + |v|

2dα) − γ∇(|∇dα|
2z + 2|v||∇dα|(z + dα)), (1.12)

with the incompressible condition ∇ · u = 0. Here we notice that
∂

∂xk


uj

∂di
∂xj


=

∂uj

∂xk

∂di
∂xj

+ uj
∂

∂xj


∂di
∂xk


= (v∇u + u · ∇v)ik, ∀i, j, k = 1, 2, 3.

Note that the incompressible condition gives that ∇ · (uvT ) = u · ∇u + u∇ · u = u · ∇u. So we obtain
∂u
∂t

− µ△u + ∇ · (uαuT ) + ∇ · (uuT
α) + ∇ · (uuT ) + ∇p

= −λ∇


|v|

2

2


− λ∇(|v||∇dα|) + λvT

∇(v + vα) + λvT
α∇v, (1.13)

∂v

∂t
− γ△v + uα · ∇v + v∇uα + u · ∇vα + vα∇u + u · ∇v + v∇u

= −γ∇(|v|
2z + |v|

2dα) − γ∇(|∇dα|
2z + 2|v||∇dα|(z + dα)). (1.14)

We introduce the definition of Lyapunov stable and unstable about the three dimensional incompressible flow of liquid
crystals (see e.g. [9,10]).
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