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1. Introduction

The purpose of this article is to study higher-order differential and delay differential equations with forcing term of the
form

(m)

[rOx™ O] + £, x(0) = g(0), (1)
[rOx™®)]™ + (&, x(t — 1)) = g(0) 2)
and
b
[Fox™©]™ + / Flt.x(E — £))dE = (), 3)

wherem > 1andn > 2 areintegers, f € C([ty, 00) X R, R), f(t, x) is non-decreasing or non-increasing function in x for each
t,xf(t,x) > 0,x # 0,7 > 0,r € C([ty, 00), (0, 0)), g € C([tg, 00), R) and b > a > 0. Here we give sufficient conditions
for the existence of nonoscillatory solutions of (1)-(3).

The nonoscillatory behavior of solutions of differential and delay differential equations of the form (1)-(3) has been
considered by different authors in the past. This work was motivated by the papers of Kusano and Naito [1,2] which are
concerned with the existence of oscillatory and nonoscillatory solutions of fourth-order differential equation of the form

[r@y"®]" +yFe? 0 =0,
and Li and Fei [3] which is concerned with the existence of positive solutions of higher-order nonlinear delay differential
equations of the form

(rOx™ V(1)) + f(t, x(t — 7)) = 0.
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The existence of solutions of the differential equations and neutral differential equations also were investigated in [4] and
[5,6], respectively. For related books, we refer the reader to [7-11].

By a solution of (1) we mean a function x € C([T, c0), R), for some T > ty, x(t) is n times continuously differentiable
and r(t)x™(t) is m times continuously differentiable on [T, co) and such that (1) is satisfied for t > T. By a solution of (2)
we mean a function x € C([t; — T, 00), R), for some t; > to, x(t) is n times continuously differentiable and r(t)x™ (t) is m
times continuously differentiable on [t;, o0) and such that (2) is satisfied for t > t;. By a solution of (3) we mean a function
x € C([t; — b, 00), R), for some t; > to, x(t) is n times continuously differentiable and r(t)x™ (t) is m times continuously
differentiable on [t1, 00) and such that (3) is satisfied for t > t;.

2. Main results

Theorem 1. Assume that

sn— 1 um 1 §h— 1 um 1
/ / o) ——|f(u, c)|duds < oo forsomec #0 and / / ——|g(uw)|duds < o0. (4)

Then (1) has a bounded nonoscillatory solution.

Proof. Suppose (4) holds with ¢ > 0, the case ¢ < 0 can be treated similarly. Thus, one can choose a t; > ty sufficiently
large such that

sh— 1 um= 1
o | S o +ewildis <a M >t )

where c is M, if f (t, x) is non-decreasing in x for each t and c is My if f (¢, X) is non-increasing in x for each t, M; and M, are
defined in the following. Let A be the set of all continuous and bounded functions on [t;, o) with the sup norm. We define
a closed, bounded and convex subset A of A as follows:

={x€A: M <x(t) <M, t=>t},
where M; and M, are positive constants such that
M] <(1<20[<M]+M2.
Consider the operator S : A —> A defined by
(=™ / /"" =" 'u—s""
SX)(t) = a — u,x(u)) —g(u)]duds, t>ty.
(00 =a = o= - [f (u, x(u)) — g(w)] :

Our goal is to show that S satisfies the assumptions of Schauder’s fixed point theorem.
(i)S maps Ainto A. For t > t; and x € A, using (5) we have

1 o] o0 _ #\n—1 _ ym—1
S0 <at e [ [T 50 r((s'; D 1w 0) + lg ) duds

sh— 1 um- 1
(n—])’(m—l)‘/ / o @0 +lg@l]duds < My

and

1 o] e8] _ #\yn—1 _ oym—1
(SX)(f) > o — m/ f (S t) r(iu) S) If(ll, C) + Ig(u)l]duds

gh—1ym—1
(- 1)'(m— 1)./ / ——— [f(u, ) + g(w)|] duds > M,

Hence, S maps A into A.
(ii) S is continuous. Let {x;} be a convergent sequence of functions in A such that x;(t) — x(t) as k — o0. Since A is
closed,x € A.Fort > tq,

1 00 o0 _tn—l _ oym—1
|(Sxk>(t)—<5x)<t)|<m / f s )r((s'; O 1y xew)) — f (u, X)) duds

s 1 um- 1
< (n — 1)‘(m_ 1);/ / — If (u, x¢(w)) — f(u, x(u))| duds.

Since |f (t, x,(t)) — f(t, x(t))| — 0as k — oo by making use ofthe Lebesgue dominated convergence theorem, we see that
lim ||(Sx)(t) — (Sx)(B)] = 0.
k— o0

This means that S is continuous.
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