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a b s t r a c t

We consider for ρ ∈ [0, 1) and ε > 0, the nonclassical diffusion equation on RN (N ≥ 3)
with a singularly oscillating external force,

ut − ∆ut − ∆u + f (x, u) + λu = g0(x, t) + ε−ρg1(t/ε),

together with equation

ut − ∆ut − ∆u + λu + f (x, u) = g0(x, t)

formally corresponding to the limiting case ε = 0. Under suitable assumptions on the
external force, the uniform (w.r.t. ε) boundedness of the related uniform attractors Aε

is established as well as the convergence of the attractor Aε of the first equation to the
attractor A0 of the second one as ε → 0+.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

For ρ ∈ [0, 1) and ε > 0, we consider the following non-autonomous nonclassical diffusion equation with a singularly
oscillating external force on RN ,

ut − ∆ut − ∆u + f (x, u) + λu = g0(x, t) + ε−ρg1(x, t/ε), u|t=τ = uτ . (1.1)

Along with (1.1), we consider the equation

ut − ∆ut − ∆u + f (x, u) + λu = g0(x, t), u|t=τ = uτ , (1.2)

without by rapid and singular oscillations, which formally corresponds to ε = 0.
The nonclassical diffusion equation arises as a model to describe physical phenomena, such as non-Newtonian flows,

soil mechanic, and heat conduction (see e.g. [1]). The existence and long-time behavior of solutions to problem (1.1) has
been studied extensively in recent years, for both autonomous case [2–6] and non-autonomous case [7,8,3,9]. In this paper
we will study the boundedness and the upper semicontinuity of uniform attractors for a family of processes associated to
problem (1.1) in the case of unbounded domains, the nonlinearity of Sobolev type, and the external force g is a singularly
oscillating non-autonomous one.
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To study problems (1.1) and (1.2), we assume the following conditions:

(H1) The continuous nonlinearity f (x, u) satisfies

f (x, u) u ≥ −µu2
− φ1 (x) , (1.3)

f ′

u(x, u) ≥ −m, (1.4)

|f (x, u)| ≤ C (φ2 (x) + |u|α) , (1.5)

lim inf
|u|→∞

uf (x, u) − κF (x, u)
u2

≥ 0, for some κ > 0, (1.6)

lim inf
|u|→∞

F (x, u)
u2

≥ 0, (1.7)

where φ1 ∈ L1

RN


, φ2 ∈ L

2N
N+2 (RN) are two nonnegative functions, 1 < α ≤

N+2
N−2 , 0 < µ,m < λ, and

F (x, u) =
 u
0 f (x, s) ds;

(H2) The functions g0, g1 ∈ L2b(R; L2(RN)), the space of translation bounded functions in L2loc(R; L2(RN)), that is,

∥gi∥2
L2b

= sup
t∈R

 t+1

t
∥gi(s)∥2

L2(RN )
ds = M2

i < ∞ (i = 0, 1). (1.8)

Moreover, we also assume that ∂tgi ∈ L2b(R; L2(RN)), and

lim
k→+∞

sup
t∈R

 t+1

t


|x|≥k

|gi(s, x)|2dxds = 0 (i = 0, 1).

Putting

gε(x, t) :=


g0(x, t) + ε−ρg1(x, t/ε), ε > 0,
g0(x, t), ε = 0.

It is easy to check that gε
∈ L2b(R; L2(RN)), and

∥gε
∥L2b

≤ Qε :=


M0 +

√
2M1ε

−ρ, ε > 0,
M0, ε = 0.

(1.9)

For g ∈ L2b(R; L2(RN)), we denote by Hw(g) the closure of the set {g(· + h)|h ∈ R} in L2b(R; L2(RN)) with the weak
topology. Recall that the kernel K of a process {U(t, τ )} acting on X consists of all bounded complete trajectories:

K = {u(·) | U(t, τ )u(τ ) = u(t), dist (u(t), u(0)) ≤ Cu, ∀t ≥ τ , τ ∈ R}.

For each s ∈ R, the set K(s) = {u(s) | u(·) ∈ K} is said to be the kernel section at time s.
Under the conditions (H1)–(H2) above, we proved in [8] the following result.

Theorem 1.1. Assume that conditions (H1) and (H2) hold. Then for any fixed nonnegative number ε, the family of processes
{Uε

σ (t, τ )}σ∈Hw(gε) generated by (1.1) possesses a uniform attractor Aε in the space H1(RN). Moreover,

Aε
=


σ∈Hw(gε)

Kε
σ (s), ∀s ∈ R. (1.10)

In this paper, following the general lines of the approach used in [10], we will prove the following facts concerning the
family Aε of uniform attractors of the processes generated by (1.1) and (1.2):

(i) The family Aε is uniformly (w.r.t. ε) bounded in H1(RN):

sup
ε∈[0,1]

∥Aε
∥H1(RN ) < ∞.

(ii) The attractor Aε converges to A0 as ε → 0+ in the standard Hausdorff semi-distance in H1(RN):

lim
ε→0+

{distH1(RN )(A
ε, A0)} = 0.

Throughout this paper, for brevity, we denote by ∥ · ∥, (·, ·) the norm and scalar product in L2(RN), respectively. We also
denote by C a generic constant, which is different from line to line or even in a same line.
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