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1. Introduction

In this paper, we study the following second-order delay differential systems with impulsive conditions:
i(t) + rult —mw) = —f(t,u(t —mw)), forte (ty—1,ty)
Au(ty) = ge(uty — 1)), (1.1)
u(0) = u(2n), 1(0) = u2n),

where k € Z,u € R, A € R is a parameter; g, (1) = grad,G,(u), Gy € C!(RN, R) for each k € Z and there existanm € N
suchthat0 =ty < t; < -+ <ty < tpme1 = 7T, teeme1 = e+ 7 and gramy1 = gk forallk € Z; f (¢, u) is w-periodic in t and
f(t, u) = grad,F(t, u) satisfies the following assumption:

(A) F(t, x) is measurable in t for x € RN and continuously differentiable in x for a.e. t € [0, 27], and there exists a €
C(RY,RT), b e L'(0, 27r; RY) such that

[F(t, )|+ If(t, 2)] < a(|x])b(t)
forallx € RN and a.e.t € [0, 27].

Recently, a wide variety of techniques, especially the variational methods, have been developed to study boundary value
problem of second order impulsive differential equations (see [1-5]). However, there are few results on the existence of
solutions for delay differential equations obtained directly by the variational methods (see [6,7]). Moreover, there are no
papers on the impulsive delay differential equations via variational methods.

In the present paper, the main purpose is to study the existence of periodic solutions for the system (1.1) via some recent
critical point theorems.
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2. Preliminaries

Let H' = {u : R — RN : uis absolutely continuous, #(t) € L>((0, 2m), RY) and u(t) = u(t + 27))
with the inner product

2 2
(u, v) =/ u(t)v(t)dt—i—/ a(0)o(0de, VYu,veH'.
0 0

The corresponding norm is defined by

27 2 %
llull = </ |u(t)|2dt+/ Ia(t)|2dt> , YueH.
0 0

It is well known that H' is compactly embedded in C[0, 27]. There are constant ¢ such that forallu € H',
llulle < cllull.
Let L; (i = 0, 1) be the operator from H! to H' defined by the following form

2
Low)(v) = / it + (o), 2.1)
0

2
(Liw)(v) = f —au(t)v(t)dt. (2.2)
0

It is easy to see that Ly and L; are bounded linear operators on H!. Moreover, L := Ly + L; is self-adjoint on H'. Similar
to[7], H! has an orthogonal decomposition H' = HT @ H~ @ H°, where H® = KerL is finitely dimensional, and H*, H™ are
L-invariant subspaces such that for some ¢ > 0,

(Lu,u) = ollul®, VueH",
and
(Lu,u) < —o|lull®>, YueH .

SetK ={1,2,...,2m + 1}. We construct the functionals ¢ and y on H' as follows,
2

1 2
s =5 [ i+ i ol - [ Fe a0 + 3 Gulute),
0 0

kek

2
() =— f F(t u®)dt + Y Ge(u(t)).
0

keK
Clearly,
1
du) = §<Lu, u) + ¥ (w). (2.3)

Since F satisfies the assumption (A) and g are continuous, a standard argument show that ¢ is continuously differentiable
and weakly lower semi-continuous on H' and ¢’ (u) is defined by
2

(¢'@.v)= [ [+ m)ie) — o) = FE u®) Ol + Y gut))v(t)
0

kek

forallu, v € H'.
Moreover, there is a one-to-one correspondence between critical points of ¢ and the classical solutions of system (1.1).
Next, we give the main lemma used in this paper.

Lemma 2.1 ([8]). Let E be a real Banach space with E = V @ X, where V is finite-dimensional. Suppose ¢ € C'(E, R) satisfies
(PS) condition, and

(¢1) there are constants p, T > 0 such that ¢|y5,nx > T, and
(¢2) thereise € 9By N X and R > p such that lfp

Q=BrNV)P{rel0 <r <R}, thenglsg <0O.
Then ¢ possesses a critical value ¢ > t which can be characterized as
c= hlg; max ¢ (h(w)),
where

I'={heC@Q,E): h=idondQ)}.
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